II. SECOND QUANTIZATION
A. Occupation Number Representation

Dealing with symmetric or antisymmetric many-particle states is simplified considerably by using the occupation
number representation (second quantization). Instead of working in the space of a fixed number of particles, one uses
the vector space which is comprised of the vacuum state |0}, which contains no particles, the complete set of sp states
{]a} }, the complete set of (anti)symmetric two-particle states {|ajas)}, and so on until infinite particle number. This
space 1is referred to as Fock space. Completeness of the states in this space, using ordered sp quantum numbers, is
expressed by

Z Z lorag...an) {araa..an| = 1. (66)

N=0 aijasz..ay

First the case of fermions will be discussed. An important operator is the particle addition (creation) operator

defined by
al, |oras...an) = |aaras...an) (67)

which adds to an N-particle antisymmetric state in which N particles occupy sp levels {ay, as, ..., an} a particle with
quantum numbers « resulting in an antisymmetric N + l-particle state. Note that if the level characterized by « is
already occupied, the result is zero. Observe that the N + 1-particle state containing o may not yet be ordered and
the ordering of o among the «; could therefore result in a minus sign.

The adjoint of al, is called a particle removal (destruction) operator and has the property that upon acting on an
antisymmetric N-particle state, it produces an antisymmetric N — 1-particle state provided the sp state « is occupied
(otherwise the result is zero). These properties can be obtained by considering
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The last line is obtained by using the definition of the particle addition operator. States containing different particle
number are naturally orthogonal to each other; this implies that M = N — 1. As discussed above, the normalization
of the antisymmetric states is real and one can omit the complex conjugation sign. In addition, it is clear that once
« has been ordered among the o’ states, one can simply apply the normalization result discussed above. Suppose «
must be placed before af. If i = 1, no sign change will result, therefore ordering leads to the phase (—1)=1. The
normalization condition gives

(aras..an|afay. aal..aly) = bar,al0as,a)--0as,aba,yr,al-Ban,al,_. - (69)
As a result one obtains
Ay loyovn...an) = (—1)2'_1 lorevg...op 1 41...an) if a=q (70)
otherwise
dg |oras...ay) = 0 if o # a. (71)
One therefore also obtains
aq |0y = 0. (72)

The particle addition and removal operators obey the following, extremely important operator relations (sometimes
called fundamental anticommutation relations) :
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{aa, ag} = aaala + agaa = 84,5, (73)

{am aﬁ} =0, (74)
and
{al, ag} =0. (75)

As an example how to derive these results, a typical analysis will be given. Consider an N-particle ket in which « is
not occupied:

aaaL lorag...an) = aq jaaias...an)

= |orag..an) . (76)
In addition
al ag |y as...an) = 0. (77)
These two results combined show that
{aa, aL} |y vg...an) = |aras...an) (78)

When the N-particle ket does contain the sp state a one can assume without loss of generality that oy = . One
then obtains

agal laas..ay) =0 (79)
and

aLaCY |oas...an) = aL |eva...oon)

|ovevs...aen) (80)

which shows that
{aa,aLHaaz...aN) = |aasg...an) . (81)
Since this procedure can be applied for any N and as shown for fixed N for any state, one concludes that
{ag,al} =1. (82)

A similar strategy can be used for the proof of the other operator identities.
Antisymmetric N-particle states can now be obtained by repeated application of particle addition operators to the
vacuum state

loyvpag...an) = aLl |ovaavs...ay)

= aLlaLQ levs...an)

0). (83)

Il
1
o —+

Note that the third anticommutation relation automatically ensures that the Pauli principle is incorporated in the
above construction. For example:

|y ovaag...an) = aLlaLQ...aLN |0)

T al .al |0)

Qoo AN

=0 (84)

= —a

when a; = as.
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In dealing with boson addition and removal operators it is convenient to to use the notation that characterizes the
occupation of each sp state

N1

nglng!...

1/2
|y cve...ay) = [ ] S laras...an) = |nang...) (85)

which identifies how many particles occupy a sp level « etc. Addition and removal operators may be introduced as in
the case of fermions. For sp states one has

o) = al, [0). (86)

For two-particle states one has

jag) = alal[0) (87)
when o # 3. In the case @ = § one must include an extra normalization factor

1
aa) = [na = 2) = —=alal[0). (88)

In the general case one obtains
1 T\ e t ng T\
nangens) = ———— (@)™ (af)" . (@)™ 10) (59)

[nalngl. .ny!]

with a corresponding result for the bra states. The particle addition and removal operators obey the following
fundamental commutation relations :

[aq, ag] = aaala — agaa = 84,5, (90)
[¢a,as] =0, (91)

and
[al,, al] = 0. (92)

These results can be obtained in a similar way as for the fermion operators and are related to the requirement that
symmetric states are obtained after the action of an addition or removal operator of a boson sp state. It should be
noted that the commutation relations for one sp state are identical to those for harmonic oscillator quanta. It is
therefore not surprising that the following relations hold

aL|nan@...nw) =Vna+1|na+1ng..n,), (93)
Qo [NaNg..Ny) = /Mo [na — 1 ng...ny,), (94)

and similarly for operators involving other sp quantum numbers. The results of Eqgs. (93) and (94) can be verified by
using Eq. (89) and the commutation relations.

B. Operators in Fock Space

Relevant operators to consider in many-particle systems involve only the coordinates of one or two (and in unusual
cases three) particles. Tt is therefore important to translate the action of such operators into the language of particle
addition and removal operators. Consider first this translation for an operator which acts only on one particle. Such
a one-body operator, F', acting in a sp space can be written as

F=3%"%"la){(a|F|B)(3]. (95)
o p
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In an N-particle space the corresponding extension of this operator is simply

Fy = F(1)+ F(2) + ...+ F(N)

where each operator F'(7) acts only on particle i. The action of F'(¢) on a product state is given by

F(i)arasas..an) = |ar) lag) . Jaiy) {0 18:) (Bil Flo) } loviga) .. o)
Bi

= Z <ﬁz| F |Ozl> |a1...ai_1ﬁiai+1...aN). (97)
Bi

Note that the matrix elements of F' do not depend on which particle is considered. The matrix element (5;| F'|o;)
in the above expression will therefore be the same for any particle. Calculation of this matrix element for another
particle will in fact only involve a change in dummy variables. For the operator Fiy one then obtains

Fnlajosas...an) = F(1) |ar) |asg) ... lan)
+ [on) FI(2) |az) .. [on) +
+ [on) Jaz) . F(N) Jon)

=> (Bl Flaa) |Bras..ay)
b1

+ > (ol Flag) [o1Bs.an) +
Ba

+ Z <6N| F |OZN> |Oé10z2...ﬁN)
B
N

= ZZ <ﬁz| F |Ozl> |Oz10z2...0zi_1ﬁi0zi+1...OzN). (98)
i=1 B

To obtain the action of Fiy on an antisymmetric or symmetric N-particle state, one notes that Fiy is symmetric and
therefore commutes with the antisymmetrizer 4 or the symmetrizeR S (remember the example of two particles in
which H commutes with Pj5). As a result

N
P lojasas...ay) = ZZ (Bi| F |ag) |onan.coi— 18541 . ) (99)
i=1 g8,

(123

One can now show that the Fock space operator (note the “” notation for a Fock-space operator)

F =% (a| F|5)alas (100)
ap

gives the same result for any N when acting on Eq. (83) for fermions and Eq. (89) for bosons. In order to show this,
consider the following commutator in the case of fermions

[F,al,) = (a] F|8) [alag, af,]
af
= Z (a| F'|8) (alagal, — al, alap)
= Z al F|8)al(apal,, + al, ap)

:Z (o] F|8) al 65,0,
ap
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= (al Flai)dl,
= (G| Flai) . (101)
Bi

This result is also obtained for bosons. One can use this result in the following manipulation

F|0z10z20z3...0z1\r) = Fal ot ..af |0}

a%as an

= [F,al,Jal,...al  |0) +al, Fal,...al, 10)

= [F,al, Jal, ..l 0)

+ aal[F, al,J...al,  10) + ..

+%IGLQ [F,al, ] 0)

= ZZ (Bil F' o) a al cn laglaLl+l...aLN|0)
i=1 g;
N

:ZZ (Bil F'levi) |y i1 Bicviqr o) (102)
i=1 g8,

which proves the equivalence for fermions since this result can be obtained for any N. For bosons one proceeds in the
same way to obtain the equivalence. As an example of a second quantized operator consider

N=> alao. (103)

Using the results of Egs. (101) and (102) one easily obtains that
N |y ...an) = N ag...an) (104)

for any N and any set «;. This operator is therefore called the number operator since it simply counts the number of
particles in the state on which it acts. When the state has a fixed number of particles it is an eigenstate of N.

An example of an operator involving the coordinates of two particles, 1s the two-body interaction V. In order
to establish the corresponding Fock-space operator, consider first the two-body operator V' acting on states in the
two-particle space

V=3 laf)(aB|VIxs)(vé]. (105)

af 6

In an N-particle space the corresponding extension of this operator is given by

V(1,2)+ V(1,3)+ V(L,4)+ ...+ V(1,N)+
V(2,3)+ V(2,)+ ...+ V(2,N)+ N
Va = V(3,44 ...+ V(3,N)+ Z V(i J) ZV( ), (106)
: i<j=1 Z#J
V(N —1,N)

where each operator V (i, j) acts only on particles ¢ and j. The action of V(¢,5) on a product state of N particles is
given by

V(i,j)|0z1...0zi...0z]'...OzN) = Z(ﬁiﬁj|V|Ozi0zj)|0z1...0zi_1ﬁi0zi+1...Ozj_lﬁjoz]'_H...OzN). (107)
BiB;

Note that the matrix elements of V' do not depend on which pair of particles is considered. The matrix elements
(B:i53;]1V|evicr;) in the above expression will therefore be the same for any pair of particles as long as the same quantum
numbers are involved. For the operator Vy one then obtains
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N
Vylorasas..ay) = Y Y (BiB|V]aw;)|ar...f... 5 ..an). (108)

i<j=15:8;

To obtain the action of Vjy on an antisymmetric or symmetric N-particle state, one notes that Vi is symmetric and
therefore commutes with the antisymmetrizer A or symmetrizer S. As a result

VN |oiasas...an) Z Zﬁlﬁjﬂ/m ;) o B By an) (109)

t<j=1p:8;
One can now show that the Fock space operator (note again the” for a Fock-space operator)

1
V= 2 ; (aB|V]y6)a aﬁaga7 (110)

gives the same result for any N when acting on Eq. (83) for fermions and Eq. (89) for bosons. In order to show this
in the case of fermions, consider the following commutator

- 1
[V,al]= 3 > (aplVIxb)alablasay, al, ]

aByé

Laj(

=...... GLGZ;(G&((S%Q, —al ay) —dl, asay)
T T(
arg

=...... alas(asby a; — 85.0,ay)
1 1
= 5> _(afV]ab)alabas — 5 > (af|V yas)alaba,
ofs By
= Z(aﬁ|V|ai6)aLaga5
aBé
= > (@ﬂi'|V|aiai/)aglagl,aal,. (111)
ﬁ,ﬁl/al/

In this sequence use has been made of the symmetry V (7, j) = V(4, ) which implies
(af|V]y6) = (BalV]67). (112)

One can use this result in the following manipulation

=

al,...al, 10

V|a1a2a3...aN) = In al

al, ..[V,al ]..al, |0)

a1

I
Mz

1

o
1

I
=

Bzﬁz Vagay ClT ClT [« P ,ClT al 0
BB i

Qg4 anN

.
1

1880

N
DD BB IV]aiag)al,, ..aly ..al, .al10) (113)
.7>Z T _7

I
Mz

1
-

i

which proves the equivalence. Note that in the last equality use has been made of

> F(Bi,aw)al aq,,al ] Zf (Bir, )l (114)
Birage

for each j > i. Eq. (113) is equivalent to Eq. (108) and this result holds for any N. Eq. (110) therefore represents the
extension of the two-particle operator Vi in Fock space. For bosons one can proceed in a similar fashion yielding the
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same result for the two-body interaction in Fock space (Eq. (110)). An alternative form for V in the case of fermions
is given by

- 1
V= 1 Z (aB| V |76) aLa;aw7 (115)
aByé

where

(aB|V [v6) = (ap|VIve) — (af|V]é67)
= (af|V |76) . (116)

Note that in the expression for V the order of the quantum numbers v and é in the matrix element is different from
the ordering of the corresponding particle removal operators. Depending on the nature of the interaction V it can be
useful to choose the unsymmetrized version of V (Eq. (110)) or the symmetrized version (Eq. (115)). As a result
of the translation of a one-body and a two-body operator into Fock space formulation, it is possible to write the
hamiltonian of a many-particle system in second quantized form

H=T+V
1
= S (T 1) abas + 5 3 @BV ho)alalasa, (117)
af aByé

for both fermions and bosons. For fermions it also useful to consider

. 1
H=> (a|T|p)alas+ I > {aB|V |y8) alalasa,. (118)
af aByé

For a given choice of sp basis and two-body interaction V', it is possible to calculate the relevant one- and two-body
matrix elements which appear in H (although this can be very tedious and computer time consuming sometimes).
The calculation of matrix elements of H between many-particle states is therefore reduced to manipulating particle
addition and removal operators using their anticommutation relations. In the case an explicit three-body interaction
(symmetric in the coordinates of the particles) needs to be considered one can use the first quantized version in the
N-particle space

N
i<j<k=1
and the Fock space operator
. 1
W= 6 Z Z (aBy| W |’ 34 aLa;alavza@/aa/. (120)

afy o' fly!

C. Some practical results

To explain the name second quantization it is useful to mention the confusing convention to denote the addition
and removal operators for particles with quantum numbers r, m; by

al . =k, (v) (121)
and

ty,m, = Ym, (1), (122)

respectively. Using this basis the kinetic energy matrix element becomes
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2
(emi| 5 [x'm)

—ih

= %V (rm|p |r'm})

(v | T [x'm)

_hz 2 1ot
= %V (rms|r'ml)
—h? 2 /

For a conventional spin-independent two-particle interaction one has in addition
(r1ms, ramg, |V (v, ') |ramy, rams,) = 6(r1 —13)6(r2 — v4)6m, m,,0m,, m,, V([rs —ra]). (124)

Using these results the hamiltonian can be rewritten as

§ —h?
H=Y [ il oG o+ 3 [dr [ @il vl V(i = xaln, (02)n, (50)

(125)

This expression can of course easily lead to the wrong interpretation when one mistakenly thinks of ¢ as a wave
function. In order to avoid this pitfall the following notation will be used

: —h? 1
o= E /d?’r alms{Q—Vz}aFms + 3 E /d?’rl /d?’rz al o al L V(r1 = ra])ar,m,, @rym,, - (126)
m 1 52 2 1

A change of sp basis in sp space can be rewritten in the following way
al,10) = a)
=> 1) (Al
A

— Zag 0) (Ala). (127)

This procedure can be repeated for al, acting on any state in Fock space and one therefore obtains the operator
equation

al =Y (Alajal (128)

and similarly
ae = (afX)ay. (129)
A

Useful commutators for Fock-space operators have been used at various stages. Some of them are collected below.
They include

[Fal] = (a] Fly)d], (130)

(a4

and therefore

[F,a] ==Y (7] Fla) aa. (131)

(a4

If F' is diagonal in the chosen sp basis then

17



In that case

and

For a two-particle operator G one has

(G, aL] = Z (af| G |pé) aLagag
aBé

and

[G,a,] = — Z (uB| G vé) a;agav.

Bé
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