VII. ONE-PARTICLE QUANTUM MECHANICS AND PROPAGATORS
A. Time-evolution for one particle and the propagator

In order to get used to the concept of a sp propagator in a many-particle system, it is useful to reformulate the
problem for one particle using this language. From standard Quantum Mechanics [26] one obtains the result that the
time evolution of a state is generated by the hamiltonian. Denoting the state of a particle with quantum numbers «
at time ¢o by |, to), one obtains at time ¢ the state |, tp;t), which has evolved from the initial state according to

o, to; ) = e~ = E=10) o 10) t > to, (382)
for a hamiltonian that does not depend on time. The correctness of this result can be checked by inserting this
expression in the Schrédinger equation

Zh% |Cl,t0;t> =H |Cl,t0;t> . (383)

This result for |«, to;t) can be written in terms of the wave function of the particle at time ¢
(rla, to; t) = t(r,t)
= <r| e_%H(t_tO) |Oé, t0>

N / d*r' (x| e” FHE1) 2"y (x|, to)
= z/ d*r' G(r,r';t —to)(r', to) t > to, (384)
where G is referred to as the propagator or Green’s function

G(r,x'st —to) = —i (x| e FHET0) gy (385)

Its meaning can be illustrated by recalling Huygens’ principle. Eq. (384 shows that the wave function at r and ¢ is
determined by the wave function at the original time to, receiving contributions from all r’ which are weighted by the
amplitude G. Note that knowledge of the initial wave function and the propagator G thus allows the construction of
the wavefunction at any time t > #.

Using

Hn) =€y |n) (386)

for the exact eigenstates of H, assuming a discrete spectrum for simplicity here, alternative ways of writing the
propagator include
G(r, 1’5t — to) = —i (x| e HHE=t0) |7y
= —i (0] age” FH(—t) gt |0)

=—iY_ (0 ar|n) (n|al, 0y e~ Fent=t0)

= —i Y up(r)u) (r)e"Fen =t t > to. (387)

To include the causality condition, it is convenient to multiply the stepfunction 6(¢ — to) into this expression. It
is practical to consider the Fourier transform (F'T) of the propagator in order to arrive at useful nonperturbative
solution methods. To work out this FT the following representation of the stepfunction can be used

—iw' (t—to)

dw' e

ot — to) = — (388)

2mi w' +1in

Note that n | 0 is implied. For ¢ > tg, the integration path can be closed in the lower half plane and the contribution
of the enclosed pole yields a result equal to 1. For t < tg, one can close the contour in the upper half plane which
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yields a vanishing result since no pole is enclosed. At ¢ = ty the stepfunction jumps from 0 to 1. As a result one
obtains for the derivative

%G(t —to) = 0(t — to). (389)

The F'T of the propagator then reads in various alternative forms

G(r,r';w ——z/ d(t —to) e w(t—to) {Ht—tg Zun tto)}

r')
_hzhw—en+m

(0 ar [n) (n| af, |0)
=h
Z hw—en+m
1
N |
hw—H—l—inar’ 07

1 !
ho—H+in" ) (390)

=h (0| ar
= h(r|

The inclusion of the in term in the denominator therefore results from the condition ¢ > to (time going forward).
Some of the expressions for G will have their counterpart for the sp propagator in a many-particle system. Note that
for notational convenience the spin quantum number has been suppressed. It is important to realize that one can
consider the propagator in any sp basis

Gla, B;w) = (0] aq aly 0), (391)

1
hw — H +in
where a represents a complete set of sp quantum numbers. This exact propagator can be related to an approximate
propagator by using H = Hy + V and the following operator identity

1 111
1B A APaim (392)

with A = hw — Hy +in and B = V. This operator equation relates the operator for G, involving H,

h
=t HTh 393

to the corresponding operator G(?), involving Hy, and the potential V
G:G@+G@%G
V V V
(V) 0) ~_(0) (CIREral(UREra](U NI 4
GY + G hG +G hG hG + (394)
The unperturbed propagator, which is given by

S |
hw — Hy + inaﬁ 10, (395)

e, B;w) = 1 (0] aa
can then be used to obtain
1 1
—_ =h —_—
hw — H +1in 18) (e hw — Hg-{—in

DML ey e — 0 3 OV IR 6 i 1) (396)

h (ol 18)

or
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Gla, 550) = GO (a, 550) + 32 GO v 0) 3 1V 18) G, 5:). (397)

7,0

A general procedure can now be used to obtain from the equation for G the relevant information related to H. This
procedure can also be used to solve the corresponding propagator equation in the medium with both an energy-
independent as well as an energy-dependent potential. In order to obtain the usual results, an energy-independent
potential will be used. The eigenkets and -energies of H are denoted by

H|m) = €, |m)

for discrete states (€, < 0) and by

H|p) = eu|m)
for continuum states (e, > 0). One then obtains
{a|m){m|f) lalm(ulB)
=h R du 398
a, fiw Zhw—em+zn+ / hw—eu-i-ln (398)

Suppose V' corresponds to a finite well, like in the case of a Woods-Saxon potential, and Hy = T. One can then
choose {|a)} = {|p)} for example. To obtain the equation for the bound state energies from the propagator equation,
one can use the following recipe. Calculate :

v

lim (hw —€,){G = G +G(°)EG}. (399)

hw—ren

The three limits involved give

lim (hw — €, {hz ha|m (m|f) —l—} = h{a|n)(n|B)

hw—>en W — €m + ”7
(p|n) (nlp'), (400)
. 1 . 6(P P,)
i, (0 el gy 100 = e e e
o, (401)

and

lim (hw —€,) X hz

hw—en
ST

= / p'- _1 (oI V [p") (B ) (nlp). (402)

2m

hw—T—l—m €m + 17

Iy )(7|V|6){ WM+}

7 1) (11V18) (8]n)(nl B)

Collecting the two remaining terms, one has

(pln) = —— / dp” (p|V [p") (p"[n), (403)

€n — 2m
or, rearranging slightly and noting that (p|n) = ¢, (p), the momentum space wave function, one obtains
2

2 6a(®) + [ db” (BIV 67 én (") = cntn(p), (104)

which is the Schrédinger equation in momentum space.
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To practice manipulating this type of equation, one can also keep things general and collect the results from
Egs. (400)-(402) and obtain

(aln) = 3~ (ol == MY 1V 18) Gln). (405)

o7
By multiplying this equation with (3| (e, — Ho) |a) and summing over a, one can reduce this equation to
> (Bl (en — Ho) |o) (aln) = (B V [8) (3|n), (406)
% J
which is of course equivalent to

en(Bln) = > {(B| Ho la) + (B V |a)} (aln), (407)

[e%

the matrix form of the Schriodinger eigenvalue equation in the basis {|a)}.
Another useful exercise for later applications is to consider the issue of normalization. Near the eigenvalue €,, one
can write the propagator as

(aln)(n|B)

G(a,Biw — €y) =R .

+ fap(w), (408)

where f is well-behaved at €,. The smooth behavior of G(®) at this energy also implies that near €,

GO (w) B GO (e,) N 8G(0)

W — €, w— €y, ow

(409)

€n

Inserting Eq. (408) in the propagator equation (397) using Eq. (409) and the smoothness of f one obtains

G+ st = 6 e+ 6 e Ol {n G ¢

(6]n)(n|B)
h hw — €,

h fisten) |

1
_ 0 . 0 .
= G( )(a)ﬂaen) + %:G( )(av’)/aen)ﬁ <7|V|6>

(v[V10) (dln)(n|B).  (410)

€n

. OGO (a, 5w
+2_ GO vien)3 (NV10) foslen) + D %
~é

v

The first term on the left and the second on the right just represent the original eigenvalue equation (together these
terms represent the singular terms of the propagator equation) and therefore are equal to each other. It is useful to
multiply the remaining terms by (n|p) (p| (en, — Ho) |) while summing over both p and a. One can convince oneself
that the terms containing f are then equal. Leaving these out, the rest of the terms yield

0= h(n|B) =Y (nlp) (ol

Yép

g, OV 1) 8l nlB), (411)

where the derivative of G(% has been explicitly performed. One may now recognize the righthand side of Eq. (405)
in this result to finally obtain

0=1-"(nlp)(pln), (412)

which is the not unexpected result for the normalization. It is useful for future reference to note that the normalization
to 1 is related to the presence of G(®) in the propagator equation and that it is in principle possible to include an
energy-dependent interaction term in this discussion (which would yield an extra term in the normalization condition).
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B. Diagram Rules for the Single-Particle Propagator
It is possible to generate a series of diagrams which represent the contributions to the sp propagator in a pertur-

bation expansion in the potential V. These terms can be obtained algebraically by iterating the equation for the sp
propagator. It is convenient to choose {|a)} to be eigenstates of Hy with eigenvalues {e,}. One then obtains

1

G(O) (a, 6, LU) = h6a76m

(413)

For a contribution of k** order in V one finds

Rule 1 Draw a directed line with £ dashed
(horizontal) interaction lines V' and k + 1
directed unperturbed propagators g(©)

Rule 2 Label external points (o and ()
Label each V/

(v[V16)
For each full line with arrow write

GO (p, v;w)
Rule 3 Sum (integrate) over all internal quantum numbers

Rule 4 Include a factor (1/h)*
EXAMPLES OF DIAGRAMS IN THE SINGLE-PARTICLE PROBLEM

G (a, B;w)
> 6o (a,v;w){% (o1V |6>}G<°> (5,8:w)
¥,0

1 2
%G(O) (a,v;w){ (ﬁ) > V1) GO (e, 6;w) (6] V |6>}G<°> (6, B5)

€,0
and so on for third and higher order terms in V. One can resum these terms (using operator notation)
G=G0 g 14 G
h

=G +@G % G
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=G +GO® % GO, (414)

where
G G0 )
T_V+V—h V+V—h V—h vV
(0) (0)
:V+V—G {V+V—G V+..}
h h
G

T is simply the T-matrix used for the calculation of the scattering matrix. The corresponding equation is called the
Lippmann-Schwinger equation. This formulation in terms of T-matrices is therefore practical for continuum solutions.
Considering again the problem in which V represents a finite well and Hy = T', one can choose the sp basis (including
spin this time explicitly in the case of fermions) {|a) = [pms)} and one obtains

(p1m1| T (w) [p2msa) = (P1ma|V |pama)

1
+ /dp (prma |V |pm) ————— (pm| T (w) [pam2) . (416)
m fiw — g +in

C. Scattering Theory and the Propagator

The elastic scattering process in free space is completely determined by one particular matrix element of the 7'-
matrix. It is instructive to obtain this result explicitly. To this end it is useful to start from Eq. (414) and use its
various incarnations to obtain the required analysis. One may start by choosing a wave vector basis and assume a
spinless particle. The unperturbed hamiltonian is the kinetic energy and the noninteracting propagator reads

1

GO (k,k';w) = ho(k — k' ) 417
( @) ( )hw—h2k2/2m+in (417)

Using this result in Eq. (414) one obtains

1
Gk, K'w) = G (k, k'sw) + 2 GO (k;w) / & q(k|V]a)G g, ks w)
= GOk, K'30) + 76O (ks 0) (HIT(@)R) GO (K5 ), (118)
where

GOk, k';w) = ok — k)G (k;w) (419)

is the noninteracting propagator. This second equality in Eq. (418) is particularly useful for the asymptotic analysis
to be explored below. It is important to realize that the usual results from scattering theory are obtained in the
coordinate representation. The relevant double Fourier transform of the propagator is given by

G(r,r';w) = (2711_)3 /d3k/d3k:' exp {ik - r}G(k,k';w) exp {—ik' - r'}. (420)

The transform of the noninteracting propagator only involves one integration due to the presence of the J-function in
Eq. (419)

1
GO (r,r'sw) = W/d3k/d3k' expi {ik - 7}GO (k,k';w) exp {—ik' - '}
7r

_ (2;)3 /d3k exp {ik - (1 — #')}GO) (ks ). (421)

The result for Eq. (418) can then be transformed to yield
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Glrr'se) =GO+ [ [ @ GO VGl i)
=G® (r,7r;w) + %/d%l /d3r2 G(O)(r,rl;w)(r1|T(w)|r2)G(0) (ra, 75 w). (422)

With this equation one can arrive at an asymptotic analysis and resulting definition of the cross section which is
equivalent to a standard analysis involving the equation for the wave function.

To obtain the relation between the cross section and the propagator it is necessary to start with Eq. (422) and
perform the Fourier transform of the noninteracting propagator (Eq. (417)) in Eq. (421). The on-shell momentum is
defined by

h2k2
hw = 0

S0 (423)

After performing the angular integrals and extending the integration limit in k& to —oo one obtains (replacing w by
ko)

2m 1 1 [ exp {ik|r — r'|} — exp {—ik|r — 7’|}
O pwy="" = [ dkk
Gr,r5w) hiV—rﬂ&Q/m) (ko — k + in) (ko + & + in)
2m -1 .
::‘g‘;}p?:;;TeXp{ZMﬂr-—TW}, (424)

where contour integration in the complex momentum plane has been used to obtain the last equality. When 7/ > r
one has the following result

2 9p . pf
%h—rﬂ:%ﬂ¢k+@» e N e (425)
T T
Using this result one can write Eq. (424) as
m eikor’ N
GO (r, 7' ko) — ~9p T XP {—ikor’ : r}. (426)

Substituting this result in the second part of Eq. (422) for both 7’ > r and ' > r» demonstrates that G is separable
and can be written as

, m eiko’l’"
G(r,r';ky) = ————(r; k 427
("5 ko) = == (s o) (427)
in the asymptotic domain. By substituting this result in turn in Eq. (422) one obtains the standard integral equation
for the wave function and the appropriate formulation for the asymptotic wave function to obtain the scattering
amplitude

~ 1
I/)(T;ko) = exp {—ik‘o’l" . ’I’} + ﬁ /d37“1 /d37“2 G(O)(’I‘,’I‘l;k0)<T1|V|T2>’¢J(’I’2;k‘0)
oo L[5 3. ~(0) I
= exp {—Zk‘o’l" . ’I’} + ﬁ d’rq d’ro G (’I",’I"l; k0)<T1|T(k0)|’l‘2> exp {—Zk‘orl . ’I"Q}. (428)

One may identify the origin of the motion in the direction of the negative z-axis, meaning that r points in that
direction, so that k = —kor’ points into the positive z-direction. If one assumes that r is also much larger than the
range of the potential, and, therefore much larger than any contributing value of r1, one can use Eq. (426) again in the
second part of Eq. (428) to identify the coefficient multiplying the outgoing spherical wave e?*°" /r as the scattering
amplitude (while double Fourier transforming the T-matrix element back to momentum space)

dmm?

Fio(0:0) = —— (K'|T (ko) k), (429)

where 6, ¢ denote the angles associated with the direction of # and k' = ko corresponds to the momentum of the
detected motion in the direction 7 with the same absolute value ky as the initial state. The differential cross section
for the direction (8, ¢) is then simply the square of the scattering amplitude as given by Eq. (429)
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do 2
— = 0, . 430

= 1finl®.9) (430)
The present formulation is closely tailored to the conventional experimental situation where a collimated beam propa-
gates along the z-axis characterized by a given energy or momentum toward a target situated at the origin. Detection
then takes place in a particular direction away from the origin characterized by angles 6 and ¢. One can follow a

similar derivation for a particle with spin to obtain the elastic scattering amplitude (|ps| = |p:l)
mh 3 p?
fngmi (8, 0) = —5(277) (pymy|T(E = %) [pim;) (431)

with § and ¢ giving the direction of py with respect to the z-axis which is defined by p;. The cross section is obtained
from the usual relation

dg™s i

dQ = |f771f,mi (07¢)|2 (432)

D. Partial Waves and Phase Shifts

Often the interaction is of short range. When this is the case, it is invariably useful to analyze the scattering
process in an angular momentum basis since only a limited set of /-values will contribute. The appropriate basis
tranformation from momentum space to an angular momentum basis was already used in Eq. (216) but is repeated
here using wave vector notation

kY = [ktme) (bmelk) = |ktmy) Y, (k). (433)

lm[ lm[
In this basis the noninteracting propagator is given by

5(k — k' 1 5(k — k'
%M' Sy, _ X ) 00 Smem,y GO (ks w). (434)

GO (ktmy, k' 0'me;w) = h -
(ktme, K'€me; ) hw — h?k2 /2m + in k2

Since the energy has no angular dependence, the energy denominator is the same as in the wave vector basis (417)
Expressing Eq. (414) in this angular momentum basis and assuming that the interaction is rotationally invariant (and
therefore does not couple different ¢-values) one has

5k — k')
k2
5k — k')

= TG(O) (k;w) + %Gm)(k;w)<k|Tf(w)|k'>G(°>(k';w). (435)

1 o0
Gk, ks w) = G(O)(k;w)+ﬁGg(k;w)/ daq? (k[ |9) Gelq, k' )
0

The equation for the effective interaction or T-matrix can be written in this basis as
1 oo
(KIT (W) k') = (KIVI|K) + g/ dq ¢* (k|V*|q) G (g; ) {q|T* (W) |K'). (436)
0
The coordinate space version of Eq. (435) is obtained by a double Fourier-Bessel transform
2 o0 o0
Ge(r,r'sw) = —/ dk k2/ dk' K" je(kr)je (k'r")Ge(k, K';w), (437)
T Jo 0

which involves the transformation from angular momentum states with momentum to angular momentum states with
position involving the spherical Bessel function [26]

2,
<k€mg|7‘£lm3r> = 633’6m£my \/;][(kr). (438)

The corresponding result for the noninteracting part of the propagator, represented by the first term in Eq. (435),
reduces to one integral on account of the delta-function which conserves relative momentum
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GO (r,r'sw) = % /0 dk k2 jo(kr)je(kr' )G (k; w). (439)

The Fourier-Bessel transform of Eq. (435) has the following form
Ge(r,r';w) = G,(ZO)(T' r'sw) / drir} / drar? Go(r,ri;w) (i [V re)Go(re, 7' w)
0

GEZ (r,r';w) h/ drlrl/ dror} GEZO)(T,Tl;W)<7"1|T€(w)|7"2>GEZO)(7“2,T';w)- (440)

When the interaction V' is local in coordinate space, only one integral in the first equality remains. The second equality
can be used to study the asymptotic behavior of the propagator outside the range of the interaction. The integral in
Eq. (439) can be performed analytically by employing contour integration in the complex momentum plane [54]. The
spherical Bessel function are well-behaved so all the singularities are contained in the denominator. Consider r’ > r,
then one may replace

jolkr’) = % he(kr') + hi (k'] (441)

involving the spherical Hankel functions [26]. One can convince oneself that the term involving jsh, decreases expo-
nentially in the upper half k-plane, allowing the contour to be closed in the upper half-plane. The term involving
Jjehy, similarly, requires a contour in the lower half-plane. One then obtains

. 2m .
GEZO) (r,r's ko) = —’Lk()?][(kor<)h[(k0’f'>). (442)
The coordinate argument in the spherical Hankel function must be the larger of r and ' and is denoted by r~ while
the argument of the spherical Bessel function is the smaller and denoted by r. For the current analysis it will be
assumed that the interaction has a finite range, (r|V¢|r') = 0 for r,r' larger than some ro. Substituting Eq. (442) in
the second part of Eq. (440) for 7' > r and r' > rg yields

. 2m
Go(r,r'; ko) = —zkoT]g(kgr)hg(kor')
l 00 2 o0 2 (0) X Vi s 2_m 3 ,
+ - dryri drory Gy (r,r15ko)(r1|T" (ko)|r2) iko . Je(kora)he(kor')
0 0
. 2m
= —iko 71%(7“; ko)he(kor'), (443)
where
Ye(rsko) = je(kor) + / d7“17“1/ drary Gy (r, 115 ko) (r1|T (ko) |r2)je(kor2), (444)

including the replacement of w by kg. This result demonstrates that under the given conditions the propagator
separates as a product of a function r and a function of r’. This result can be substituted into the first part of
Eq. (440) to obtain the relevant integral equation for the wave function 4 (under the condition that r’ > rg)

. 1 [oe] [oe]
belriko) = je(kor) + 7 / dryr? / dryr3 GO (r, 713 ko) (r1 [V )b (r2; o), (445)
0 0

which can be found in standard textbooks (see e.g. [54] for the case of a local potential). It is derived here to
demonstrate the relation between the propagator and the wave function.

The asymptotic analysis of the propagator can be performed by using Eq. (442) in Eq. (440) under the assumption
that the propagator will be considered for r < r' while both these coordinates are larger than rg, the range of the
interaction. Values of 1 and 7 in Eq. (440) larger than 7y yield no contributions to the integral. As a result, the
effective interaction, 7', has a range similar to the one of the bare interaction V. Using the relation between spherical
Bessel and Hankel functions (441), one obtains the asymptotic behavior of the propagator from the second part of
Eq. (440) in the following form
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Gelr,1's ko) — —i (%) kohe(kor')
{nithor) + mothor) [1=4iZ5 ko [ ari ot [ dra 3 (7 abicthariethars)| |
= —i%kohg(kor') {h;(kor) + he(kor) {1 —2mi <mh_l;o> <k0|Tf(k0)|ko>] } i (446)

In the last step of Eq. (446) one can return to the on-shell matrix element of the T-matrix in momentum space
which completely determines the outcome of the scattering process. The term in square brackets corresponds to the
S-matrix element in terms of which one can define the phase shift

(bl (ho)lko) = |1 = 2 (252 ) (ol o)) | = 2 (447)

This result can be represented by

Tm(ko|T* (ko)| ko)

Re(ko|T* (ko) ko)’ (448)

tandy =

which explicitly shows that a nonzero imaginary part of the effective interaction is required to obtain a nonvanishing
phase shift. In turn, this imaginary part of the interaction only appears for energies where the noninteracting
propagator has a nonvanishing imaginary part. For the scattering this corresponds to all positive energies. By
substituting the explicit form of the spherical Hankel functions for £ = 0 in Eq. (446) one can construct the asymptotic
propagator for the s-wave channel explicitly

2m 1 .
Gs(ra T’; kO) - _Hn;lmel(kor +9s) Sin(k[ﬂ' + 65) (449)

The standard result for the asymptotic wave function is contained in this equation and the imaginary part of Eq. (449)
is simply the product of these wave functions as a function of r and r’, respectively. It is useful to write the scattering
amplitude in terms of the on-shell T-matrix elements or phase shift [26]

20+ 1 [ —mkom
16.6) = 5 2L {0 G (o)l Pa(cos)
1
= Z %em sin 8, Py(cos 8). (450)
7 0

With this result one can construct the differential cross section. For the total cross section one has

4
Tror = k_;r > (26 + 1) sin? b (451)
0
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