
V. BOSE-EINSTEIN CONDENATION AND FERMION DEGENERACY AT FINITE TEMPERATURE

A. Some statistical mechanics

A microscopic description of a system at �nite temperature can be obtained by evaluating the ensemble average of
the statistical operator. We will consider the statistical operator in the grand canonical ensemble

�̂G =
e��(Ĥ��N̂ )

ZG
; (244)

where � = (kBT )�1, � is the chemical potential, and the grand partition function is given by
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where in the evaluation of the trace the basis with energy and particle number eigenstates was considered. A standard
result from statistical mechanics [32] then yields the thermodynamic potential


(T; V; �) = �kBT lnZG; (246)

so that one can rewrite the statistical operator as
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The ensemble average hÔi of any operator Ô is obtained by evaluating
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�Ĥ+�N̂ )Ô
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B. Noninteracting systems

The complete set of states of the independent particle model can be used for the evaluation of the grand partition
function in the case when the interaction between the particles can be neglected. It is helpful to use the notation of
Eq. (88) introduced for bosons also for fermions keeping in mind that the corresponding occupation numbers can only
be 1 or 0. A complete set of states is then covered by summing over all possible occupations of the sp states with
not restrictions for bosons and the aforementioned ones for fermions. The operator Ĥ0 describing the energy and the
number operator can then be replaced by their eigenvalues for a given state as follows

Ĥ0 jn1:::n1i =
X
i

ni�i jn1:::n1i

N̂ jn1:::n1i =
X
i

ni jn1:::n1i : (249)

As a result one obtains for the grand partition function

ZG =
X

n1:::n1

exp f�(�n1 � �1n1)g

=
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i=1

Tri exp f��(�i � �)n̂ig: (250)
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For bosons one must sum over all occupation numbers and one therefore obtains

ZG =
1Y
i=1

1X
n=0

[exp f�(� � �i)g]n =
1Y
i=1

[1� exp f�(� � �i)g]�1 : (251)

The corresponding thermodynamic potential for noninteracting bosons is therefore given by
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[1� exp f�(� � �i)g]�1
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ln [1� exp f�(� � �i)g] : (252)

The average number of particles can now be obtained by di�erentiating the thermodynamic potential with respect to
the chemical potential keeping T and V (meaning �i) �xed [32] (and including an extra sign)

hN i �
1X
i=1

n0i =
1X
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1

exp f�(�i � �)g � 1
; (253)

where the mean occupation number of a sp state i is denoted by n0i .
For fermions the occupation number is restricted to 0 or 1, and the corresponding grand partition function is

obtained by taking only those terms in Eq. (250)
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The thermodynamic potential for noninteracting fermions is therefore given by


0(T; V; �) = �kBT
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ln [1 + exp f�(� � �i)g] ; (255)

with the number of particles now given by
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C. Noninteracting bosons at �nite temperature and Bose-Einstein condensation

The ground state of a noninteracting system of bosons is obviously the one in which all the bosons occupy the
lowest sp level. This state is the limit that one approaches when the temperature is lowered towards T = 0. First we
will consider a collection of bosons in a box (with the usual periodic boundary conditions). The sp energy is therefore
given by

�(k) =
�h2k2

2m
: (257)

Summing over sp states can then be replaced by an integral over wavenumbers as discussed in the previoussection
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where � is the degeneracy factor associated with discrete quantum numbers like spin. It is common to transform the
integral over k to one over the energy as given by Eq. (257)
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One can then write the thermodynamic potential for an ideal Bose gas as
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where in the last line a partial integration has been performed. Similarly one obtains for the energy
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and particle number
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Using 
 = �PV one recovers from Eqs. (260) and (261) the standard result for an ideal gas PV = 2
3E. The denom-

inator in the integrals above re
ects the occupation probability associated with energy �. As such this denominator
may not become negative. For this reason � must always be such that for a given sp hamiltonian with a corresponding
spectrum �� � � 0 (for any �). In the present case � may be zero so � � 0. If the density in Eq. (262) is kept �xed
while the temperature is lowered one expects the absolute value of the chemical potential to decrease. The limit � = 0
is reached for a temperature T0 for which Eq. (262) reads
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where �(32 ) = 2:612 (Riemann �-function). The result can be rewritten as
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For temperatures below T0 it is clear that the integral will give only the number of particles with � > 0 while the
occupation of the lowest state can be expected to become macroscopically large. The latter state does not contribute
to the integral due to

p
� weighting which occures when one transforms from summation to integration. One must

now explicitly keep track of the particles in the lowest sp state. This means that one can write at T < T0

N�>0 = N

�
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�3=2

: (265)

The remaining particles must therefore be in the sp state with � = 0 according to

N�=0 = N

"
1�

�
T
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�3=2
#
: (266)

This macroscopic occupation of the lowest sp state is referred to as Bose-Einstein condensation. One can check in
Refs. [32,1] that at T0 there is discontinuity in the slope of the speci�c heat at constant volume. Using the density of
4He atoms �4 = 0:145 g cm�3 one �nds T0 = 3:14 K for the transition temperature. The actual experimental behavior
is somewhat reminiscent of this but the speci�c heat has the shape of a � (di�erent from the ideal gas prediction)
and takes place at 2.2 K. Below this temperature 4He exhibits super
uid properties. It is not obvious (in fact it is
doubtful) that properties associated with super
uidity have anything to do with the above ideal gas description.
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D. Bose-Einstein condensation in traps

The original papers by Bose and Einstein are discussed in context in Ref. [24]. Reviews from just before 1995 are
collected in Ref. [38] while the more recent developments are discussed in [39{41]. In 1995 Bose-Einstein condensation
was �rst observed in experiments on rubidium (87Rb) [42] and sodium (23Na) atoms [43]. Both types of atoms have
an odd number of protons and and an even number of neutrons in the nucleus. Together with the odd number of
electrons the total number of fermion constituents corresponds to an even integer which makes these atoms into boson
particles (always for energies small compared to their internal excitation energies). Historically the super
uidity
of liquid 4He has been linked to Bose-Einstein condensation. Whether this is correct or not, evidence has been
gathered experimentally from neutron scattering measurements at high momentum transfer (backed up by theoretical
calculations) that the occupation of the lowest sp state in the liquid towards 0 K is close to 10 % [44]. This represents
a macroscopic occupation of the lowest sp state (the zero momentum state). In the case of 4He it is, however,
hard to �nd an unambiguous signature of Bose-Einstein condensation. Only recently [45], has it become possible to
obtain direct evidence for the condensate in 4He using quantum evaporation. This technique involves the scattering
of phonons (excitations generated in the liquid) with atoms somewhat analogous to the photoelectric e�ect. When
such a phonon is incident on the free surface of the liquid, it is absorbed by an atom which is released into the
vacuum above the liquid with conservation of momentum parallel to the surface. Measuring the momentum of the
phonon and the evaporated atom allows determination of the atom in the liquid before it absorbed the phonon. The
measurements of Ref. [45] at 100 mK indicate a macroscopic occupation of the zero momentum state but further
re�nements are necessary to pin down the actual fraction of condensed atoms. The �rst e�orts to achieve Bose-
Einstein condensation with atomic gases were focused on experiments with hydrogen atoms. Only recently [46] has
Bose-Einstein condensation been observed for spin-polarized hydrogen. Critical to these new developments for atomic
gases have been laser-based methods, such as laser cooling and magneto-optical trapping [47{49]. After trapping
further lowering of the temperature can be obtained by evaporative cooling in which the depth of the trap is reduced
allowing the most energetic atoms to escape while the remaining atoms rethermalize at lower temperature. It should
be noted that these systems must be studied in a metastable gas phase since the equilibrium con�guration is the
solid phase (except for hydrogen). Typical temperatures achieved to study Bose-Einstein condensation ranges from
500 nK to 2�K with densities between 1014 and 1015atoms cm�3. The largest condensates in sodium have 20 million
atoms and in hydrogen, 1 billion atoms. Condensates have also been obtained for 7Li atoms [50]. Other vapors of
caesium, potassium, and helium are under study. The shape of the condensates depends on the magnetic trap and
can be round with a diameter of 10 to 50 �m, or cigar-shaped with a diameter of about 15 �m and a length of 300
�m.
The con�nement in traps means that these systems are highly inhomogeneous (substantial density variation in a

�nite region of space). This implies that Bose-Einstein condensation can also be observed in coordinate space since
the relevant sp wave functions are con�ned. The magnetic traps used for alkali atoms yield con�ning potentials that
can be very well approximated by a quadratci form
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2 + !2yy
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2
�
: (267)

While for the actual analysis of the experimental data it is crucial to consider the interaction between the atoms
(see later in the course), one can obtain already very useful results by considering the atoms to be identical pointlike
particles a the harmonic potential given by Eq. (267). The eigenvalues of the corresponding three-dimensional sp
harmonic oscillator potential are given by
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where fnx; ny; nzg are non-negative integers. The ground state of the noninteracting system with N atoms is obtained
by putting all atoms in the lowest sp state with nx = ny = nz = 0. The corresponding sp wave function is simply the
product of three ground state oscillator wave functions, one for each of the three dimensions considered. This wave
function can written as

�000(r) =
�m!ho

��h
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2�h2
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2)g; (269)

where the geometric average of the oscillator frequencies has been used

!ho = (!x!y!z)
1=3

: (270)
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The density distribution then becomes

n(r) = N j�000(r)j2 ; (271)

which grows with N . The size of the cloud is instead independent of N and determined by the trap potential and the
corresponding harmonic oscillator length:

aho =

�
�h

m!ho

�1=2

; (272)

which corresponds to the average width of the Gaussian represented by Eq. (269). In the available experiments this
important length scale is typically of the order aho � 1 �m. At �nite temperature the atoms will also occupy excited
states of the oscillator potential. The radius of this cloud will be larger than aho. This e�ect can be estimated by
using the classical Boltzmann distribution for the density for a spherical potential Vext(r)

ncl(r) / expf�Vext(r)
kBT

g: (273)

If
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2
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2; (274)

the width of the classical density distribution is

RT = aho

�
kBT

�h!ho

�1=2

; (275)

and therefore larger than aho. This shows than Bose-Einstein condensation in harmonic traps shows up in the form
of a sharp peak in the central region of the density distribution. By taking the Fourier transform of the ground state
wave function, one obtains the momentum distribution of the atoms in the condensate. Since the wave function in
momentum space is also Gaussian, this distribution is centered at zero momentum with a width proportional to a�1ho .
This means that the condensate appears both in coordinate and momentum space as a narrow peak. Note that this
is quite di�erent from the case of a uniform gas where the particles go to the zero momentum state, but there is no
signature in coordinate space since condensed and noncondensed particles �ll the same volume. The experimental
detection of Bose-Einstein condensation has been detected as the occurrence of a sharp peak over a broader distribution
in both velocity and spatial distributions. By switching o� the trap, one lets the condensate expand and measures
the density of the expanding cloud by light absorption. If there is no interaction between the atoms, the expansion
is ballistic and one can relate the imaged distribution to the inital velocity (momentum) distribution. For the spatial
distribution one measures the density of the atoms in the trap directly by dispersive light scattering. It should be
kept in mind that the e�ect of the interaction between the atoms modi�es the results substantially. Nevertheless
important signatures identi�able at the noninteracting level persist related to the symmetry of the con�ning potential
when interactions are taken into account. The �rst experiments were carried out with axial symmetry for which one
can write the ground state wave function as

�000(r) =
�1=4

�3=4a
3=2
?

exp f� 1

2a2?
(r2? + �z2)g; (276)

where a? = (�h=m!?)1=2 is the oscillator length in the xy-plane and, since !? = ��1=3!ho, one also has a? = �1=6aho.
The momentum space wave function has a corresponding asymmetry governed by the parameter �. If condensation
has taken place, the shape of the expanding cloud is an ellipse with an aspect ratio of

p
� whereas there is spherical

symmetry in case of a thermal distribution. The actual values of this ratio is further in
uenced by the interaction
between the atoms but still shows this important symmetry which is used to identify the condensate.

E. Trapped bosons at �nite temperature: thermodynamic limit

At temperature T the number of particles is given by
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while the total energy is given by
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��1
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Statistical mechanics is complicated by the fact that the usual thermodynamic limit is not appropriate for these gases.
Indeed due to the inhomogeneity of the system one can't take N and V to in�nity while keeping the ratio constant.
As in the uniform case, one may separate the lowest energy �000 from the sum (Eq. (277)) and denote by N0 the
number of particles in this state. This number can be of order N when the chemical potential becomes equal to the
energy of the lowest state

�! �c =
3

2
�h�!; (279)

where �! = (!x + !y + !z)=3 is the average frequency. Using this result one may write

N �N0 =
X

nxnynz 6=0

[exp f��h(!xnx + !yny + !znz)g � 1]�1 : (280)

One may evaluate this sum numerically for �nite N but for N !1 the sum can be replaced by an integral

N � N0 =

Z 1
0

dnxdnydnz [exp f��h(!xnx + !yny + !znz)g � 1]�1 : (281)

This approximation is referred to as a semiclassical description of the excited states since it implies that the relevant
excitation energies are much larger than the level spacing which is �xed by the oscillator frequencies. It is expected
to be good for large N and kBT � �h!0 but can always be checked numerically using Eq. (280). The integral (281)
can be evaluated with the following result

N � N0 = �(3)

�
kBT

�h!0

�3

; (282)

where the Riemann � function is given by �(3) � 1:202 and !ho is the geometric average de�ned earlier. From this
result one can obtain the transition temperature for Bose-Einstein condensation. By imposing that N0 ! 0 at T 0

c

one obtains

kBT
0
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One can use this result in Eq. (282) to obtain the T dependence of the condensate fraction for T < T 0
c
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: (284)

By evaluating the energy in a similar way one may obtain all thermodynamic quantities. A further useful result
is the density of thermal particles (out of the condensate) nT (r). The sum of nT (r) and the condensate density,

n0(r) = N0 j�000(r)j2 gives the total density distribution. One may use the classical expression in this case

nT (r) =

Z
dp

(2��h)3
[exp f��(p; r)g � 1]�1 ; (285)

where

�(p; r) =
p2

2m
+ Vext(r): (286)

The result is

nT (r) =
g3=2(e

��Vext(r))

�3T
; (287)

where the function g3=2 is discussed in Ref. [33]. While there are important �nite size corrections and crucial modi�-
cations of these results when the interaction between the atoms is taken into account [39], the above results involving
noninteracting bosons already give the main ideas relevant for the understanding of the recent experiments on Bose-
Einstein condensation.

42



F. Fermions at �nite temperature

The Fermi gas at �nite temperature yields thermodynamic quantities that have characteristic di�erences with
their bosonic counterparts. Using average fermion occupation numbers one obtains the following results for the
thermodynamic potential after performing similar steps as in the noniteracting bose gas
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Similarly one obtains for the energy
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and particle number
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Using 
 = �PV one recovers from Eqs. (288) and (289) the standard result for an ideal gas PV = 2
3E. The

denominator in the integrals above re
ects the occupation probability associated with energy �. It is clear that this
occupation number is always less or equal to one for all values of � and T . It is useful to check the zero-temperature
limit which recovers the result obtained in the previous section with � = �F at T = 0. Relevant thermodynamic
quantities are straightforward to obtain [1,32].

G. Fermion degeneracy experiments in traps

While the transition to a Bose-Einstein condensate for atomic gases is abrupt, the crossover to quantum degeneracy
for fermionic atoms is gradual. It has recently been demonstrated for the �rst time for 40K atoms [51]. This atom
has an odd number of protons, neutrons, and electrons making it a fermion. The electrons combine to atomic spin
F = 9=2. It is more di�cult to cool fermions by using the evaporation technique mentioned earlier. In this process
the highest energy atoms are removed and the remaining gas equilibrates by elastic collisions at a lower temperature.
This elastic collision rate drops sharply for fermions when the temperature is lowered because of their s-wave nature.
This s-wave scattering is prohibited for single species fermions (see previous material). This problem was overcome
by using a mixture of two spin states for which s-wave collisions are allowed. For the trap used in the experiment one
expects a Fermi temperature of 0.6 �K. The actual experiment cooled about 8� 105 atoms to about T = 0:5TF . At
that point one of the spin states was removed and a single-component gas remained.
One may proceed in a similar fashion as for bosons to describe the sp hamiltonian for the fermions

H =
p2x + p2y + p2z

2m
+

1

2
m!2r

�
x2 + y2 + �2z2

�
; (291)

where !r and !z = �!r are the trap frequencies in the radial and axial directions, respectively. The sp energy is
given by Eq. (268) with appropriate changes in notation for the oscillator frequencies. In the actual experiments the
thermal energies far exceed the the level spacing (kBT � �h!) as for the boson systems discussed above. One may
therefore replace the discrete sp spectrum with a continuous one employing the appropriate density of states. The
density of states at � can be expressed in general as [52]

�(�) =
X
n

�(�� �n); (292)

where �n is given by the spectrum under consideration. One can show that for the spectrum corresponding to the
hamiltonian given by Eq. (291) one obtains

�(�) =
�2

2�!3r
: (293)
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A practical way to otbain this density is to �rst calculate the number of states with energy below �+d�, then subtract
the number below �, and then divide by d� (for d� ! 0). One can now use the fermion equivalent of Eq. (277) to
study the chemical potential [53]
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At zero temperature all levels below the Fermi energy are occupied, the ones above empty. Integrating Eq. (294) then
gives

�F � �(T = 0; N ) = �h! [6�N ]1=3 (295)

which yields the energy scale for the atomic cloud. A characteristic length scale is given by the extend of the orbit of
a classical particle with energy �F in the trap potential
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where ar is the radial oscillator parameter. A characteristic wave number is obtained from the momentumof a particle
with energy �F
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which shows that the kF is of the size of the interparticle spacing in the gas. For general temperature, one can
determine the chemical potential numerically from Eq. (294). Analytic results can be obtained at low temperature
(kBT � �F ) from Sommerfeld's expansion [32]
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In the classical limit (kBT � �F ), one �nds
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One may then obtain the speci�c heat of the trapped gas from
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; (300)

where E(T;N ) is the total energy of the gas.
In the semiclassical (or Thomas-Fermi) approximation one uses the number density in phase space (r;k)

w(r;k;T; �) =
1

2�3
1

e�(H��) + 1
(301)

to obtain some practical results in the large N limit. One can check that one can obtain the chemical potential
(Eq. (294)) also by using the number density in phase space

N =

Z
d3r d3k w(r;k;T; �): (302)

Having obtained �(T;N ), one can then determine the spatial and momentum distributions

n(r;T ) =

Z
d3k w(r;k;T; �); (303)
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and

~n(k;T ) =

Z
d3r w(r;k;T; �); (304)

respectively. At zero temperature it is possible to de�ne a local Fermi wave number kF (r) by

�h2kF (r)
2

2m
+ V (r) = �F : (305)

The density n(r) is then the volume of the local Fermi sea in k space divided by the density of states in phase space
(given by (2�)�3)
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This density vanishes beyond RF and can be expressed in terms of the e�ective distance
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