October 21, 2003 11:36 WSPC/Book Trim Size for 9in x 6in book96

Chapter 8

Single-particle propagator in
many-particle systems

In analogy to the case of the sp problem it is possible to consider a
corresponding propagator in the many-body system. The definition of
this quantity for fermions is given in Sec. 8.1. This definition involves
the use of the Heisenberg picture in quantum mechanics [Sakurai (1994);
Messiah (1999)]. For completeness some of the relevant results related to
various pictures in Quantum Mechanics are collected in App. A. The prop-
agator is defined in terms of either adding or removing a particle from the
correlated ground state. The removal process is a new feature not present in
the sp problem. Complementary information is contained in these removal
and addition amplitudes. Both are accessible experimentally, the addition
process in the form of elastic scattering from the correlated ground state
and the removal process in the form of coincidence experiments of the form
(e,2e) from atoms and (e, e'p) from nuclei. Various incarnations of the sp
propagator in the many-body system are discussed. A particularly rele-
vant, one is given by the Lehmann representation in Sec. 8.2 and requires a
Fourier transform to the energy formulation. An interesting contact with
experimental data can me be made for the imaginary part of the sp prop-
agator. The relevant quantities are the spectral functions describing the
removal and addition probability density of particles with specified quan-
tum numbers to and from the correlated ground state. These quantities are
introduced in Sec. 8.3. In Sec. 8.4 it is shown that expectation values of
one-body operators in the ground state can be obtained from the one-body
density matrix which is related to the “hole” part of the sp propagator.
In addition to all one-body expectation values, it is possible to obtain the
energy of the ground state from the hole part of the sp propagator in the
case that the Hamiltonian contains at most two-body operators. Simple
examples for the sp propgator in a noninteracting system are discussed in
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Sec. 8.5. A simple discussion of knockout reactions and their relation to
spectral functions is presented in Sec. 8.6. Experimental data from the
(e, 2e) reaction on atoms are discussed in Sec. 8.7. Corresponding data for
the (e, e'p) reaction on nuclei are reviewed in Sec. 8.8. From the compari-
sion with experiment a clear “sp” picture of the atom and the nucleus arises
that further motivates the development of the propagator description of the
many-fermion system.

8.1 Fermion single-particle propagator

The sp propagator in a many-particle system is defined as an expectation
value with respect to the exact ground state of the system of A particles,
of an operator which represents both particle propagation as well as hole
propagation. The latter term is naturally absent in the one-particle prob-
lem.

i (| Tlaay (Dah, ()] 24')

G(Q,B;t,t’) = _h (lI][)A|q][)A> ?

(8.1)

where |\IIOA> is the Heisenberg ground state for the A-particle system and
E{' the corresponding eigenvalue

H

Uy = Egt v (8.2)

The particle addition and removal operators in the definition of the sp
propagator are given in the Heisenberg picture by

Aoy () = enfltq o=t (8.3)
and
aLH (t) = e%mazve_%m, (8.4)

respectively. The time-ordering operation T is defined here to include a sign
change when two fermion operators are interchanged and can be written
using step functions as

Tlaay (t)al, ()] = 0(t — t')aa, (t)al, (') — 0t —t)al (t')aa, (t). (8.5)

This operation therefore puts operators with the later time to the left of
earlier operators and includes a sign when a change of order is required.
For now we will assume that the correlated ground state is normalized
although the form of normalization used in Eq. (8.1) will be used in Ch. 9
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when the perturbation expansion of the sp propagator is developed. Using
the definition of the Heisenberg picture operators and the time-ordering
operation for fermion operators one obtains

G(O[,B,t—t’) =

:ﬂs-

{H(t —t)en G <\IIOA| aaefﬁﬁ(tftl)ag |\IIOA>
—0(t' — t)e%E(j‘(t’—t) <\I;6‘| a;e—%ﬁ(t’—t)aa |\I’64>} (8.6)
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As expected, the propagator depends only on the time difference ¢ — ¢'.
Note that the completeness of the exact eigenstates of H for both the A+1
as well as the A — 1 system has been used together with

H O = EATL gAY (8.7)
and
el =g wdty. (8.8)

While the similarity with Eq. (7.6) is evident, it is also clear that Eq. (8.6)
contains relevant information about the many-body system.

8.2 Lehmann representation

As in the sp problem, one can introduce the FT of the sp propagator
which is more convenient for practical calculations but also brings out the
information that is contained in the sp propagator more clearly

i

G(a,B; E / d(t —t') enP0=1) G(a, Bt — t'). (8.9)

As before, it is recommended to use the integral representation of the step-
function as given in Eq. (7.7). The result of this F'T can be expressed in
various equivalent ways. The F'T of the last expression for G(a, 8;t — t')
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in Eq. (8.6) yields

\I’A| Qo |\I,A+1> <\I’A+1| aB |\I’A>
Z — (BAY — E§Y) +in

m

\I’A|a6|\I’A 1 \I’A 1|aa|\IfA>
+Z —Ef? ") —in

1
= (pA _ T lwa
< °|a“E—(H—EOA)+m%| )
1
T af _ o Ay 8.10

The first equality is known as the Lehmann representation [Lehmann
(1954)] of the sp propagator. The last line is obtained by removing the
complete set of exact A + 1-eigenstates in the first term and the complete
set of A — l-eigenstates in the second one, after replacing the eigenval-
ues EATL and EA-! by H. Note that any sp basis can be used in this
formulation of the propagator. Many texts choose to specialize either to
coordinate space or momentum representation. This does not always rep-
resent the appropriate choice especially when dealing with finite systems
where comparisons with experimental results are readily possible. It is also
instructive to compare this form of the sp propagator with the correspond-
ing one for the sp problem (see Eq. (7.9)). Apart from the hole term which
is naturally absent in the sp case there is a clear similarity between the two
results. Indeed, the matrix elements involving the addition and removal op-
erators obey Schrodinger-like equations as will be discussed in more detail
later.

8.3 Spectral functions

In the case of finite systems, one can relate essentially all the information
contained in the sp propagator to relevant experimental results. Consider
first the information in the denominator of the first equality in Eq. (8.10).
The positions of the poles signal the location of the excited states in the
A+ 1 or A —1 particle systems with respect to the ground state of the
A particle system. Note that it should be possible to reach those states
by the addition (or removal) of a particle with sp quantum numbers «a to
(or from) the ground state of this system. In this context it is useful to
visualize the addition or removal of a particle as a physical process that
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can be realized experimentally. Second, the information in the numerator
determines the distribution of the corresponding transition strength from
the ground state of the A particle system to these states in the A+1 systems.
This information is a crucial measure of the strength of the correlations in
the system as they induce behavior which deviates from the independent
particle model. A good tool to develop intuition for the effect of correlations
on sp properties is provided by the spectral function. The hole part of
the spectral function at energy E is the combined probability density for
removing a particle with quantum numbers « from the ground state while
leaving the remaining A — 1-system at an energy E/~! = E§' — E. This
quantity is proportional to the imaginary part of the diagonal element of
the sp propagator

Sp(a, E) = % Im G(a,a; E) E<en

S an w608 — (55— B2). (811)

A detailed presentation of experimental information about this quantity
in atoms and nuclei will be discussed in Secs. 8.7 and 8.8, respectively. A
similar probability density exists for the addition of a particle with quantum
numbers a leaving the A + 1-system at energy EA+! = Eg' + E is obtained
from

1
Sp(a, E) = —— Im G(a, a; E) E> ¢k
7r
2

- Z‘(\pgﬂ al |\Ifg‘>‘ S(E — (EA+L _ BAY). (8.12)

m
This quantity is referred to as the particle spectral function. The corre-
sponding Fermi energies introduced in Eqgs. (8.11) and (8.12) are given by
ep=Ey — BT (8.13)
ef = B — EB§. (8.14)
In obtaining the imaginary part of the propagator the very useful identity

1
E +1n

1 .
= PE F ind(E) (8.15)

has been used, where the symbol P denotes the principal value. The above
expressions for the spectral functions are particularly useful for analyzing
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finite systems where discrete bound states exist and for certain problems in-
volving band structure, localization or external magnetic fields in condensed
matter systems. In finite systems, like nuclei, there can be a considerable
difference between €z and €£. In infinite systems which are not superfluids
or superconductors this difference vanishes in the thermodynamic limit.
The occupation number of a sp state a can be obtained from the hole
part of the spectral function by evaluating
2
n(@) = ('] alaa |98) = S [0 aa |3)]
n

= [ am | e ] 50— (5~ )

- /F dE Sp(e, E). (8.16)

In a similar way one can obtain the depletion number from the particle part
of the spectral function

A(0) = (B3| aual, |) = S|(w a, o)

0 2
= / L 4B Y|l e[ o(B - (A - B
:/+ dE S,(a, E). (8.17)

An important sum rule exists for n(a) and d(«) which can be obtained by
using the anticommutation relation for a, and af,

n(a) +d(a) = <\IIOA| ala, |\IIOA> + (\1164| aqal |\IIOA> = (THwd) =1. (8.18)

This distribution between occupation and emptiness of a sp orbital in the
correlated ground state is a sensitive measure of the strength of correlations
provided a suitable sp basis is chosen to be discussed in Secs. 8.7 and 8.8.
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8.4 Expectation values of operators in the correlated
ground state

The sp propagator will also provide the expectation value of any one-body
operator in the ground state

(B0 ¥5) =D (2l 018) (¥g'| abas [¥5') = Y (a] O1) nas. (8.19)
a,B a,B

Here, nqg is the one-body density matrix element which can be be obtained
from the sp propagator using the Lehmann representation

dE iEn
a= | — € , B, FE 2
ng /2 ; e G(a,B;E) (8.20)

\IIA|a |\I’A 1 \I’A 1|aa|\IlA
_ = GE B
_/QM nz —Eé‘ ") —in

:Z \IIOA|aB|\I!;?’1 \P271|aa|\P64>:<\IIOA|agaa|\IIOA>

Note the convergence factor in the integral with infinitesimal n which re-
quires closing the contour in the upper half of the complex E-plane. There-
fore, only the (nondiagonal) hole part of the spectral amplitude contributes.
An equivalent result is obtained by directly using the imaginary part of the
propagator

Nja = %/_F dE Im G(a,$; E) = (3| alaq |93 . (8.21)

With this result for ng, it is clear that Eq. (8.19) yields any expectation
value of a one-body operator in the correlated ground state.

Surprisingly, the energy of the ground state can also be obtained from
the sp propagator provided that, as has been assumed up to now, there are
only two-body interactions between the particles. This is a quite remarkable
result first clarified by [Galitskii and Migdal (1958)] and later applied to
finite systems by [Koltun (1972); Koltun (1974)]. Again, only the hole part
of the propagator is required for this result. Consider the following integral

L. 1/ "dE E Im G(a,0; E) = / " dE E Sy(a, E) (8.22)
™

= (B — B (W[l [9071) (907 aa |[95)

m

— 00
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(] abaa |95 = 3 (W] al B [ 0571 (W0 aa [24)
m

(\Il(ﬂ al aoH \1164> - (\Il(ﬂ al Ha, |\Il()4> = (\Il(ﬂ al [an, H] |\IIOA>

The commutator in Eq. (8.22) can again be evaluated using Eqgs. (2.34) and
(2.42) with the result

aa, H =Y (| T|BY as + Y _(aB|V[1d)afasa,. (8.23)
B Bvé

Inserting Eq. (8.23) into (8.22) finally yields

I, = Z (a] T'|B) <\I!6‘| aLag |‘~I—'6‘> + Z (af|V]v0) <\If()4| aLaga(;aw |\I—'6‘> .

B8 By
(8.24)
Summing this expression over « one then obtains
> Lo = (| T | W5 + 2(Tg | V[ 5') . (8.25)

Combining the result of Eq. (8.25) with the expectation value for the kinetic
energy using Eq. (8.19) one obtains the desired result

Ey' = (24| H |¥5)

1 [eF
g/_oo dE QZ;{(aITIm + E o5} Im G(B,; E)

1 1 €r
= §§(a|T|B>nQB+§2&:/_deESh(a,E), (8.26)

where the validity of the last equality can be checked by inserting the
definition of Sy (e, E) given in Eq. (8.11).
8.5 Propagator for noninteracting systems

In the case the many-particle problem does not contain a two-body inter-
action operator, for example with Hamiltonian Hy and ground state |'I>6‘>,
the sp propagator becomes

GO, Bt —t') = —% (28| Tlaa, (t)agI (] @', (8.27)
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where |'I>()4> is the nondegenerate ground state of Hy for A particles with
eigenvalue

Eg =Y ea (8.28)
a<F

as in Eq. (3.9) and therefore
Hy |24y = Eg |28). (8.29)

The extension to treating propagators for open shell systems is non-trivial
and not well developed. It will not be further discussed here. For the
present, considerations the state |<I>OA> can correspond to the Slater deter-
minant of an infinite Fermi system, a closed-shell atom, or a closed-shell
nucleus. The particle addition and removal operators in the definition of the
so-called unperturbed sp propagator, are given then given by the equivalent
of Eqs. (8.3) and (8.4) with the replacement H — Hy. This substitution
yields these operators in the so-called interaction picture (see App. A) given

by

aq, (t) = ertotq, o= Hot (8.30)
and

aLI (t) = e%ﬁotage*%ﬁot, (8.31)

respectively. Assuming that Hy is diagonal in the sp basis {|a)} and using
the corresponding interaction picture operators given by Egs. (A.15) and
(A.16) together with the time-ordering operation for fermion operators, one
obtains

GO(a, Bt —t') = —%{9(75 — t)0a.50(c — F)e~ e (t=t)
— O(t' — 1)60,30(F — a)er== =1} (8.32)

which represents the propagation of a particle or a hole on top of the non-
interacting ground state. One should note as in Ch. 3 that the states with
one particle added or removed with quantum numbers associated with Hy
are correspondingly eigenstates of H, according to

Hoal, |83 = (Bp, +ca)al, |24 a>F (8.33)
and

Hoa, |<I>OA> = (B3, — €a)ta |<I>OA> a < F, (8.34)
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respectively. Choosing another sp basis leads to a slightly more involved
result which can be related to the present one by a double basis transforma-
tion both for the particle addition as well as the particle removal operator
according to Egs. (2.58) and (2.59).

Again it is fruitful to consider the F'T of the unperturbed sp propagator

bla—F) , O(F —a) }

(8.35)

G(O)(Q’B;E):éa’B{E—s +in  E—eq4—in

This result is again equivalent to the result for the exact propagator given
in Eq. (8.11) with H replaced by Hy and |¥8') by |®8')

1

i A
= a, |®
E—(HU—E£0)+inB| o)

1
+<<I>OA al - -
| "B~ (Ej, — Ho) —in

G (a,B; E) = (2¢] aa

aq |[®5).  (8.36)

The spectral functions for the non-interacting system are particularly
simple. Using again the sp basis {|a)} which diagonalizes Hp, one has the
following hole spectral function

Sn(a, B) = %Im GO (q, a; B)
= 0(E —e4) O(F — ) E<e? (837
and particle spectral function
Sp(a, E) = —%Im G (a, oz E)
= 8(E — 24) B(a — F) E>97. (8.38)

This shows that the strength in the unperturbed spectral function occurs at
the sp energies which correspond to the eigenvalues of the sp Hamiltonian
Hy. The sp states that are occupied yield contributions to the hole spectral
function, those that are empty contribute to the particle spectral function.
In this independent particle model description for an atom, a nucleus, or a
Fermi gas, the hole spectral function displays d-function peaks with strength
1 which corresponds to the certainty that it is possible to remove a particle
from such an occupied orbital. The same holds for the particle spectral
function where this certainty relates to the possibility of adding a particle
to an empty orbit. The simplicity of these results is related to the choice of
the sp basis. In another sp basis the numerators change while the position
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of the poles in the sp propagator does not change. As an example, consider
the sp propagator in the {|rm;)} representation
1
E - (Hy - Eg) +in
1
E — (Eg, — Ho) —in
3 { (rmalo)alr'm)8(a — F)  (rmsla)alr'm)6(F — o) }

E—¢,+in E—e¢,—1in

GO (rmgs,r'm}; E) = (Do Gpm,

a:’m’s |q>0>

+ <(I)0| a’i’m;

Bp) (8.39)

QArm,

@

Note that the numerators in Eq. (8.39) contain again the relevant sp wave
functions which in this simple example represent the transition matrix el-
ements of the particle addition and removal operators in the coordinate
representation. Occupation numbers are most easily evaluated in the {|a)}
basis. The resulting occupation numbers then read (not surprisingly)

0

n(a) = /_ dE §(E —24) 0(F — ) = 0(F — ). (8.40)

8.6 Direct knock-out reactions

The hole spectral function introduced in Sec. 8.3 can be experimentally
observed in so-called knock-out reactions. The general idea is to transfer a
large amount of momentum and energy to a particle of a bound A-particle
system (e.g. an electron in an atom or molecule, or a nucleon in a nucleus).
The particle is then ejected from the system, and one ends up with a fast-
moving particle and a bound (A — 1)-particle system. By observing the
momentum of the ejected particle it is then possible the reconstruct the
spectral function of the system, provided that the interaction between the
ejected particle and the remainder is sufficiently weak.

Let’s assume that the A-particle system is initially in its ground state,

W) = |9, (8.41)
and makes a transition to a final A-particle eigenstate
|Ts) = al [T, (8.42)

composed of a bound (A — 1)-particle eigenstate, |\Il;‘l‘*1>, and a particle
with momentum p.
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For simplicity we consider the transition matrix elements for a scalar
external probe p(q) = Z?:l exp (iq - rj/h), which transfers momentum g
to a particle. Suppressing other possible sp quantum numbers, like e.g.
spin, the second-quantized form of this operator is given by

plq) = Z (plexp (iq - r/h|p') alap = Zal,ap_q. (8.43)
p,p’ P

The transition matrix element now becomes

(Ws]p(q) W) = > (TA 1 apal,ap _q U7

’

p
= Z <\I’£_1| Op' plp'—q + aL,apr,qap |\I’64>

pf
~ (U0 ap_q |T3). (8.44)

The last line is obtained in the so-called Impulse Approximation, where it is
assumed that the ejected particle is the one that has absorbed the momen-
tum from the external field. This is a very good approximation whenever
the momentum p of the ejectile is much larger than typical momenta for
the particles in the bound states; the neglected term in Eq. (8.44) is then
very small, as it involves the removal of a particle with momentum p from
o).

There is one other assumption in the derivation: the fact that the final
eigenstate of the A-particle system was written in the form of Eq. (8.42),
i.e. a plane-wave state for the ejectile on top of an (A — 1)-particle eigen-
state. This is again a good approximation if the ejectile momentum is
large enough, as can be understood by rewriting the Hamiltonian in the
A-particle system as

A, A 9  A—l
Hi=Y" o > V) = Haa + P4y SIVGA).  (345)
i=1 1<j=1 i=1
The last term in Eq. (8.45) represents the Final State Interaction, or the
interaction between the ejected particle A and the other particles1... A—1.
If the relative momentum between particle A and the others is large enough
their mutual interaction can be neglected, and Hy ~ Hyq_1 + pi/Qm.
The result (8.44) is called the Plane Wave Impulse Approzimation or
PWIA knock-out amplitude, for obvious reasons, and is precisely a removal
amplitude (in the momentum representation) appearing in the Lehmann
representation of the sp propagator (see Eq. (8.10)).
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The cross section of the knock-out reaction, where the momentum and
energy of the ejected particle and the probe are either measured or known,
ia according to Fermi’s golden rule proportional to

do ~ 3" 6(hw + E; — Ep)| (5] ) T3) I, (8.46)

where the energy-conserving J-function contains the energy transfer hw of
the probe, and the initial and final energies of the system are E; = E[‘)“
and E; = EA~! + p?/2m, respectively. Note that the internal state of
the residual A — 1 system is not measured, hence the summation over n in
Eq. (8.46).

Defining the missing momentum p,, and missing energy FE,, of the
knock-out reaction as'

Pmiss =P — (8.47)
and
Emiss = p°/2m — hw = E — B}, (8.48)
respectively, the PWTA knock-out cross section can be rewritten as

¥y') P

do ~ Y 3 0(Emiss = Bg' + B3 Y (U1 .,

- Sh (pmissa Emiss)- (849)

The PWIA cross section is therefore exactly proportional to the hole spec-
tral function defined in Eq. (8.11). This is of course only true in the PWIA,
but when the deviations of the impulse approximation and the effects of
the final state interaction are small as for atoms or well under control as
for nuclei, it is possible to obtain precise experimental information on the
hole spectral function of the system under study.

In many cases the A-particle target system is probed by its interaction
with an external electromagnetic radiation field. This is obviously the case
when the target is placed in a real photon beam, but it is also true when a
beam of electrons is incident on the target, e.g. in nuclear (e, e'p) reactions,
or (e,2e) reactions on atoms, molecules and solids. In that case the scatter-
ing process of the electron off a particle in the target can be described on a
deeper level as the exchange of a virtual photon between the electron and
a target particle. In general, a photon is characterized by its 4-momentum

We will neglect here the recoil of the residual A — 1 system, i.e. we assume the mass
of the A and A — 1 system to be much heavier than the mass m of the ejected particle.
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(w, q) (using h = ¢ = 1) and its polarization 4-vector (¢g, €). A real photon
has w = ¢, ¢ = 0 and a tranverse polarization 3-vector, € - g = 0. A vir-
tual photon has w < ¢ and a polarization 4-vector that has a longitudinal
component, € - q # 0.

The corresponding interaction hamiltonian reads

By (1) = /d’r‘exp [i(q T — wt)] (eoﬁ(r) —e-f(r)), (8.50)
= expliwt] (copla) — € J(9)) (8.51)

where p and J are the charge density operator and current density operator
of the A-particle system. The charge density corresponds to the scalar
probe that was above. The vector nature of the current density somewhat
complicates the discussion, but it can be shown that also in this case the
important proportionality in Eq. (8.49) holds [Frullani and Mougey (1984)].

8.7 Comparison with (e, 2e) data for atoms
8.8 Comparison with (e, e’p) data for nuclei

8.9 Exercises



