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Chapter 7

Propagators in one-particle quantum

mechanics

In order to get used to the concept of a sp propagator in a many-particle

system, it is useful to pose the problem for one particle using this lan-

guage. In Sec. 7.1 the time evolution of a quantum state as generated by

the Hamiltonian of the system is reviewed. The relation between a given

initial state at an earlier time and the state at some later time suggests

the de�nition of the propagator and relates it to the intuitive notion of

Huygens' principle. The expansion of the propagator in terms of a known,

or unperturbed, propagator is introduced in Sect 7.2 with special emphasis

on its diagrammatic representation. A solution method for bound state

problems is illustrated in Sec. 7.3, whereas a discussion of scattering using

the propagator language is presented in Sec. 7.4.

7.1 Time evolution and propagators

Time evolution in physics is determined by the Hamiltonian of the physical

system under study. In quantum mechanics one may denote the state of a

particle with quantum numbers � at time t0 by j�; t0i. At time t one obtains

the state j�; t0; ti, which has evolved from the initial state, according to

j�; t0; ti = e�
i
~
H(t�t0) j�; t0i t > t0; (7.1)

for a Hamiltonian that does not depend on time. The correctness of this

result can be checked by inserting this expression in the Schr�odinger equa-

tion

i~
@

@t
j�; t0; ti = H j�; t0; ti : (7.2)
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Equation (7.1) for j�; t0; ti can be written in terms of the wave function of

the particle at time t as follows

 (r; t) = hrj�; t0; ti = hrj e�
i
~
H(t�t0) j�; t0i

=

Z
d3r0 hrj e�

i
~
H(t�t0) jr0i hr0j�; t0i

= i~

Z
d3r0 G(r; r0; t� t0) (r

0; t0) t > t0; (7.3)

where G is referred to as the propagator or Green's function

G(r; r0; t� t0) = �
i

~
hrj e�

i
~
H(t�t0) jr0i : (7.4)

Its physical meaning can be illustrated by recalling Huygens' principle.

Indeed, Eq. (7.3) illustrates that the wave function at r and t is determined

by the wave function at the original time t0, receiving contributions from

all r0 which are weighted by the amplitude G. Note that knowledge of the

initial wave function and the propagator G thus allows the construction of

the wavefunction at any time t > t0.

Several alternative ways of writing the propagator may be obtained by

using

H jni = "n jni (7.5)

for the exact eigenstates of H . By assuming a discrete spectrum for sim-

plicity here, these alternative ways of writing the propagator include

G(r; r0; t� t0) = �
i

~
hrj e�

i
~
H(t�t0) jr0i = �

i

~
h0jare

� i
~
H(t�t0)ayr0 j0i

= �
i

~

X
n

h0jar jni hnj a
y
r0 j0i e

� i
~
"n(t�t0)

= �
i

~

X
n

un(r)u
�
n(r

0)e�
i
~
"n(t�t0) t > t0: (7.6)

To include the causality condition t > t0 explicitly, it is convenient to multi-

ply the stepfunction �(t�t0) into this expression. For practical calculations

it is essential to consider the Fourier transform (FT ) of the propagator in

order to arrive at useful nonperturbative (all order) solution methods. To

work out this FT the following representation of the stepfunction can be

used

�(t� t0) = �

Z
dE0

2�i

e�iE
0(t�t0)=~

E0 + i�
: (7.7)
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Note that � # 0 is implied. For t > t0, the integration path can be closed

in the lower half plane and the contribution of the enclosed pole yields a

result equal to 1. For t < t0, one can close the contour in the upper half

plane which yields a vanishing result since no pole is enclosed. At t = t0 the

stepfunction jumps from 0 to 1. As a result one obtains for the derivative

d

dt
�(t� t0) = Æ(t� t0): (7.8)

The FT of the propagator then reads in various alternative forms

G(r; r0;E) = �
i

~

Z 1

�1

d(t� t0) e
i
~
E(t�t0)

�
�
�(t� t0)

X
n

un(r)u
�
n(r

0)e�
i
~
"n(t�t0)

	

=
X
n

un(r)u
�
n(r

0)

E � "n + i�
=
X
n

h0jar jni hnja
y
r0 j0i

E � "n + i�

= h0jar
1

E �H + i�
ayr0 j0i = hrj

1

E �H + i�
jr0i : (7.9)

The inclusion of the i� term in the denominator therefore results from

the inclusion of condition t > t0 (time going forward). The formulation

in Eq. (7.9) assume that a spinless boson is considered. The inclusion of

spin quantum numbers makes the notation appropriate for a fermion but

only complicates the notation. Some of the expressions for G will have

their counterpart for the sp propagator in a many-particle system. It is

important to realize that one can consider the propagator in any sp basis

G(�; �;E) = h0ja�
1

E �H + i�
ay� j0i ; (7.10)

where � represents an appropriate set of sp quantum numbers to identify

a possible state of the particle.

7.2 Expansion of the propagator and diagram rules

The exact propagator can be related to an approximate propagator by using

a decomposition of the Hamiltonian

H = H0 + V; (7.11)

where H0 is referred to as the unperturbed Hamiltonian for which the

corresponding propagator G(0) is readily available. The following operator
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identity

1

A�B
=

1

A
+

1

A
B

1

A�B
; (7.12)

with A = E �H0 + i� and B = V may then be employed. This operator

equation relates the operator for G, involving H ,

G =
1

E �H + i�
(7.13)

to the corresponding operator G(0), involving H0, and the potential V

G = G(0) +G(0) V G

= G(0) +G(0) V G(0) +G(0) V G(0) V G(0) + ::: (7.14)

The unperturbed propagator, which is given by

G(0)(�; �;E) = h0j a�
1

E �H0 + i�
ay� j0i ; (7.15)

can then be used to obtain

h�j
1

E �H + i�
j�i = h�j

1

E �H0 + i�
j�i (7.16)

+
X

Æ

h�j
1

E �H0 + i�
j
i h
jV jÆi hÆj

1

E �H + i�
j�i

or

G(�; �;E) = G(0)(�; �;E) +
X

;Æ

G(0)(�; 
;E) h
jV jÆiG(Æ; �;E): (7.17)

7.2.1 Diagram Rules for the Single-Particle Propagator

It is possible to generate a series of diagrams which represent the contri-

butions to the sp propagator in a perturbation expansion in the potential

V . These terms can be obtained algebraically by iterating the equation for

the sp propagator. It is convenient to choose fj�ig to be eigenstates of H0

with eigenvalues f"�g. One then obtains

G(0)(�; �;E) =
Æ�;�

E � "� + i�
: (7.18)

For a contribution of kth order in V one �nds
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Rule 1 Draw a directed line with k zigzag (horizontal) interaction lines V

and k + 1 directed unperturbed propagators G(0)

�

�

Rule 2 Label external points (� and �)

Label each V




Æ
h
jV jÆi

For each full line with arrow write

�

�

E G(0)(�; �;E)

Rule 3 Sum (integrate) over all internal quantum numbers

Examples of diagrams in the single-particle problem

�

�

E G(0)(�; �;E)
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�

�

E

E




Æ

P

;Æ G

(0)(�; 
;E) h
jV jÆiG(0)(Æ; �;E)

�

�

E

E

E




Æ

�

�
P


;Æ G
(0)(�; 
;E)

�
�P

�� h
jV j�iG
(0)(�; �;E) h�jV jÆi

	
G(0)(Æ; �;E)

One can easily extend this to third and higher order terms in V . Sim-

ilar diagrams will be generated when the sp propagator will be considered

in a many-body system and it is useful to illustrate some of the possible

resummations of the diagrams that can be considered. To avoid cluttering

notation one may use the operator form (Eq. (7.14)) to rearrange the series

corresponding to the sum of all diagrams in several ways

G = G(0) +G(0) V G(0) +G(0) V G(0) V G(0) + ::: (7.19)

= G(0) +G(0) V fG(0) +G(0) V G(0) + :::g = G(0) +G(0) V G

= G(0) + fG(0) +G(0) V G(0) + :::g V G(0) = G(0) +G V G(0)

= G(0) +G(0)fV + V G(0) V + :::g G(0) = G(0) +G(0) T G(0);

where

T = V + V G(0) V + V G(0) V G(0) V + :::

= V + V G(0)
�
V + V G(0) V + :::

	
= V + V G(0) T = V + T G(0) V = V + V G V: (7.20)

A compact way to depict G = G(0)+G(0)V G diagrammatically is given by:
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G = G(0) + V

G(0)

G

The double line is used to represent G. Similar diagrammatic results can be

obtained for the other forms of Eq. (7.19). T is simply the T -matrix used for

the calculation of the scattering amplitude. The corresponding equations

in Eq. (7.20 represent possible forms for the Lippmann-Schwinger equation.

One may also use a diagrammatic representation of Eq. (7.20) as follows:

T =
V

+

V

G(0)

T

This formulation in terms of T -matrices, each diagrammatically represented

by a double zigzag line, can be quite practical in the case of continuum so-

lutions. Considering again the problem in which V represents a localized

potential and H0 = T , one can choose the sp basis fj�i = jpig to obtain

hp1jT (E) jp2i = (7.21)

hp1jV jp2i+

Z
dp hp1jV jpi

1

E � p2=2m+ i�
hpjT (E) jp2i

for a particle without spin.

7.3 Solution in the case of discrete states

A general procedure can now be used to obtain from the equation for G

relevant information related to the possible discrete states ofH . This proce-

dure can also be used to solve the corresponding propagator equation in the

medium with both an energy-independent as well as an energy-dependent

potential. In the present case, familiar results will be obtained but it is

useful to illustrate this procedure since it can be straightforwardly adapted

in more complicated situations. One may denote the exact eigenkets and
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-energies of H by

H jmi = "m jmi

for possible discrete states ("m < 0) and by

H j�i = "� j�i

for continuum states ("� > 0). Using the completeness relation for the

exact eigenstates of H

1 =
X
m

jmi hmj+

Z
d� j�i h�j (7.22)

one obtains for Eq. (7.10)

G(�; �;E) =
X
m

h�jmihmj�i

E � "m + i�
+

Z
d�

h�j�ih�j�i

E � "� + i�
: (7.23)

Proceeding with the assumption that H0 = T and V is an energy-

independent, localized, but not necesarily local potential, like in the case of

aWoods-Saxon potential discussed in Sec 3.3, one may choose fj�ig = fjpig

representing the eigenstates of T . To obtain the equation for the bound

state energies from the propagator equation, one can use the following prac-

tival recipe. Calculate :

lim
E!"n

(E � "n)
�
G = G(0) +G(0) V G

	
: (7.24)

The three limits for each of the terms in this equation that need to be

considered will now be considered one at a time. The limit of the left-hand

side of Eq. (7.24) yields

lim
E!"n

(E � "n)

(X
m

h�jmihmj�i

E � "m + i�
+ :::

)
= h�jnihnj�i

) hpjnihnjp0i: (7.25)

For the �rst term on the right side of Eq. (7.24) one obtains

lim
E!"n

(E � "n) h�j
1

E � T + i�
j�i ) lim

E!"n
(E � "n)

Æ(p� p0)

E � p2

2m + i�

= 0; (7.26)
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whereas for the last term one obtains

lim
E!"n

(E � "n) �
X

Æ

h�j
1

E � T + i�
j
i h
jV jÆi

(X
m

hÆjmihmj�i

E � "m + i�
+ :::

)

=
X

Æ

h�j
1

"n � T
j
i h
jV jÆi hÆjnihnj�i

)

Z
dp00

1

"n �
p2

2m

hpjV jp00i hp00jnihnjp0i; (7.27)

respectively. Collecting the two remaining terms, one has

hpjni =
1

"n �
p2

2m

Z
dp00 hpjV jp00i hp00jni; (7.28)

or, rearranging slightly and noting that hpjni = �n(p), the momentum

space wave function, one obtains

p2

2m
�n(p) +

Z
dp00 hpjV jp00i�n(p

00) = "n�n(p); (7.29)

which corresponds to the Schr�odinger equation in momentum space yield-

ing the bound-state energies and corresponding momentum space eigen-

functions.

Instead of making the choice of the momentum representation one

can also keep things general and collect the corresponding results from

Eqs. (7.25)-(7.27) to obtain

h�jni =
X

Æ

h�j
1

"n �H0
j
i h
jV jÆi hÆjni: (7.30)

By multiplying this equation with h�j (�n � H0) j�i and summing over �,

one can reduce this equation toX
�

h�j ("n �H0) j�i h�jni =
X
Æ

h�jV jÆi hÆjni; (7.31)

which is of course equivalent to

"nh�jni =
X
�

fh�jH0 j�i+ h�j V j�ig h�jni; (7.32)

the matrix form of the Schr�odinger eigenvalue equation in the basis fj�ig.

Another useful exercise in anticipation of later many-body applications

is to consider the issue of normalization. This is not a particularly illumi-

nating problem for the usual case when V does not depend on the energy.
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In the many-body problem we will, however, encounter similar sp propa-

gator equations in which V has become energy dependent. If the potential

V is energy-dependent, it is still possible to obtain the appropriate eigen-

value equation provided one assumes that V is well-behaved near "n. In

the resulting eigenvalue equation V then appears at the eigenvalue "n as

follows

h�jni =
X

Æ

h�j
1

"n �H0
j
i h
jV ("n) jÆi hÆjni: (7.33)

Near the discrete eigenvalue "n one can write the propagator as

G(�; �;E ! "n))
h�jnihnj�i

E � "n
+ f��(E); (7.34)

where f is well-behaved near "n. The smooth behavior of G(0) and V near

"n implies

G(0)(E)V (E)

E � "n
=
G(0)("n)V ("n)

E � "n
+
@G(0)V

@E

����
"n

: (7.35)

Inserting Eq. (7.34) in the propagator equation (7.17) using (7.35) and the

smoothness of f one obtains

h�jnihnj�i

E � "n
+ f��("n) = G(0)(�; �; "n)

+
X

Æ

G(0)(�; 
;E) h
jV (E) jÆi

�
hÆjnihnj�i

E � "n
+ fÆ�("n)

�

= G(0)(�; �; "n) +
X

Æ

G(0)(�; 
; "n) h
jV ("n) jÆi
hÆjnihnj�i

E � "n

+
X

Æ

G(0)(�; 
; "n) h
jV ("n) jÆi fÆ�("n)

+
X

Æ

@G(0)(�; 
;E) h
jV (E) jÆi

@E

����
"n

hÆjnihnj�i: (7.36)

The �rst term on the left and the second on the right just represent the

original eigenvalue equation (together these terms represent the singular

terms of the propagator equation) and therefore are equal to each other. It

is useful to multiply the remaining terms by hnj ("n�H0) j�i while summing

over �. One can convince oneself that the terms containing f are then

equal provided one also uses the alternative form of the eigenvalue equation
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that is obtained by considering the propagator equation in the form G =

G(0) + G V G(0) (see Eq. (7.19)). Eliminating these contributions, the

rest of the terms can be further manipulated to obtain the normalization

condition in the form

X
�

hnj�ih�jni �
X
��

hnj�i h�j
@V (E)

@E

����
"n

j�i h�jni = 1: (7.37)

In the case of an energy-independent potential one naturally obtains the

result

1 =
X
�

jh�jnij
2
; (7.38)

which can of course also be directly obtained by invoking the normalization

of jni and the completeness of the states j�i. In the exercises the steps out-

lined here for the more general energy-dependent case will be considered in

more detail. It is useful to note that the normalization to 1 is related to the

presence of G(0) in the propagator equation and the energy-independence

of V . If V contains energy dependence one obtains additional terms con-

tributing to the normalization as shown in Eq. (7.37).

7.4 Scattering theory using propagators

The elastic scattering process in free space is completely determined by

one particular matrix element of the T -matrix. It is instructive to obtain

this result explicitly using the propagator method. To this end one starts

from Eq. (7.19) and uses its various incarnations to obtain the required

analysis. Choosing a wave vector basis associated with the unperturbed

Hamiltonian, H0 = T , and assuming a spinless particle, the noninteracting

propagator reads

G(0)(k;k0;E) = Æ(k � k0)
1

E � ~2k2=2m+ i�
: (7.39)

Using this result in Eq. (7.19) one obtains

G(k;k0;E) = G(0)(k;k0;E) +G(0)(k;E)

Z
d3qhkjV jqiG(q;k0;E)

= G(0)(k;k0;E) +G(0)(k;E)hkjT (E)jk0iG(0)(k0;E);(7.40)
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where

G(0)(k;k0;E) = Æ(k � k0)G(0)(k;E) (7.41)

is the noninteracting propagator. This second equality in Eq. (7.40) is

particularly useful for the asymptotic analysis to be explored below. It

is important to realize that the usual results from scattering theory are

obtained in the coordinate representation. The relevant double Fourier

transform of the propagator is given by

G(r; r0;E) =

Z
d3k

(2�)3=2

Z
d3k0

(2�)3=2
eik�rG(k;k0;E)e�ik

0�r0

: (7.42)

The transform of the noninteracting propagator only involves one integra-

tion due to the presence of the Æ-function in Eq. (7.41)

G(0)(r; r0;E) =

Z
d3k

(2�)3=2

Z
d3k0

(2�)3=2
eik�rG(0)(k;k0;E)e�ik

0�r0

=

Z
d3k

(2�)3
eik�(r�r

0)G(0)(k;E): (7.43)

The result for Eq. (7.40) can then now be transformed to yield

G(r; r0;E) = G(0)(r; r0;E) (7.44)

+

Z
d3r1

Z
d3r2 G

(0)(r; r1;E)hr1jV jr2iG(r2; r
0;E)

= G(0)(r; r0;E)

+

Z
d3r1

Z
d3r2 G

(0)(r; r1;E)hr1jT (E)jr2iG
(0)(r2; r

0;E):

With this equation one can arrive at an asymptotic analysis and resulting

de�nition of the cross section which is equivalent to a standard analysis

involving the equation for the wave function.

To obtain the relation between the cross section and the propagator it

is necessary to start with Eq. (7.45) and perform the Fourier transform of

the noninteracting propagator (Eq. (7.39)) in Eq. (7.43). The on-shell wave

vector k0 is de�ned by

E �
~
2k20
2m

: (7.45)

After performing the angular integrals and extending the integration limit
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in k to �1 one obtains (replacing E by k0)

G(0)(r; r0;E) =
2m

~

1

ijr � r0j

1

8�2

Z 1

�1

dk k
eikjr�r

0j � e�ikjr�r
0j

(k0 � k + i�)(k0 + k + i�)

=
2m

~

�1

4�jr � r0j
eik0jr�r

0j; (7.46)

where contour integration in the complex momentum plane has been used

to obtain the last equality. When r0 � r one has the following result

k0jr � r0j = k0r
0

r
1 +

� r
r0

�2
�

2r � r0

r02
� k0r

0 � k0r̂
0 � r: (7.47)

Using this result one can write Eq. (7.46) as

G(0)(r; r0; k0)! �
m

2�~

eik0r
0

r0
e�ik0r̂

0�r: (7.48)

Substituting this result in the second part of Eq. (7.45) for both r0 � r

and r0 � r2 demonstrates that G is separable and can be written as

G(r; r0; k0) = �
m

2�~

eik0r
0

r0
 (r; k0) (7.49)

in the asymptotic domain. By substituting this result in turn in Eq. (7.45)

one obtains the standard integral equation for the wave function and the

appropriate formulation for the asymptotic wave function to obtain the

scattering amplitude

 (r; k0) = e�ik0r̂
0�r +

Z
d3r1

Z
d3r2 G

(0)(r; r1; k0)hr1jV jr2i (r2; k0)

= e�ik0r̂
0�r

+

Z
d3r1

Z
d3r2 G

(0)(r; r1; k0)hr1jT (k0)jr2ie
�ik0r̂0�r2 : (7.50)

One may identify the origin of the motion in the direction of the negative

z-axis, meaning that r̂0 points in that direction, so that k � �k0r̂0 points

into the positive z-direction. If one assumes that r is also much larger than

the range of the potential, and, therefore much larger than any contributing

value of r1, one can use Eq. (7.48) again in the second part of Eq. (7.50) to

identify the coeÆcient multiplying the outgoing spherical wave eik0r=r as

the scattering amplitude (while double Fourier transforming the T -matrix
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element back to momentum space)

fk0(�; �) = �
4m�2

~2
hk0jT (k0)jki; (7.51)

where �; � denote the angles associated with the direction of r̂ and k0 � k0r̂

corresponds to the momentum of the detected motion in the direction r̂

with the same absolute value k0 as the initial state. The di�erential cross

section for the direction (�; �) is then simply the square of the scattering

amplitude as given by Eq. (7.51)

d�

d

= jfk0(�; �)j

2
: (7.52)

The present formulation is closely tailored to the conventional experimental

situation where a collimated beam propagates along the z-axis characterized

by a given energy or momentum toward a target situated at the origin.

Detection then takes place in a particular direction away from the origin

characterized by angles � and �. One can follow a similar derivation for a

particle with spin to obtain the elastic scattering amplitude (jpf j = jpij)

fmf ;mi
(�; �) = �

m~

2�
(2�)3 hpfmf jT (E =

p2i
2m

) jpimii (7.53)

with � and � giving the direction of pf with respect to the z-axis which is

de�ned by pi. The cross section is obtained from the usual relation

d�mf ;mi

d

= jfmf ;mi

(�; �)j2: (7.54)

7.4.1 Partial Waves and Phase Shifts

Often the interaction is of short range. When this is the case, it is invariably

useful to analyze the scattering process in an angular momentum basis

since only a limited set of `-values will contribute. The appropriate basis

tranformation from momentum space to an angular momentum basis is

given by

jki =
X
`m`

jk`m`i h`m`jk̂i =
X
`m`

jk`m`iY
�
`m`

(k̂): (7.55)

In this basis the noninteracting propagator is given by

G(0)(k`m`; k
0`0m`0 ;E) =

Æ(k � k0)

k2
Æ``0Æm`m`0

1

E � ~2k2=2m+ i�
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=
Æ(k � k0)

k2
Æ``0Æm`m`0

G(0)(k;E): (7.56)

Since the energy has no angular dependence, the energy denominator is

the same as in the wave vector basis (7.39) Expressing Eq. (7.19) in this

angular momentum basis and assuming that the interaction is rotationally

invariant (and therefore does not couple di�erent `-values) one has

G`(k; k
0;E) =

Æ(k � k0)

k2
G(0)(k;E) (7.57)

+ G`(k;E)

Z 1

0

dqq2hkjV `jqiG`(q; k
0;E)

=
Æ(k � k0)

k2
G(0)(k;E) +G(0)(k;E)hkjT `(E)jk0iG(0)(k0;E):

The equation for the e�ective interaction or T -matrix can be written in this

basis as

hkjT `(E)jk0i = hkjV `jk0i+

Z 1

0

dq q2hkjV `jqiG(0)(q;E)hqjT `(E)jk0i:

(7.58)

The coordinate space version of Eq. (7.58) is obtained by a double Fourier-

Bessel transform

G`(r; r
0;E) =

2

�

Z 1

0

dk k2
Z 1

0

dk0 k02 j`(kr)j`0(k
0r0)G`(k; k

0;E); (7.59)

which involves the transformation from angular momentum states with mo-

mentum to angular momentum states with position involving the spherical

Bessel function

hk`m`jr`
0m`0i = Æ``0Æm`m`0

r
2

�
j`(kr): (7.60)

The corresponding result for the noninteracting part of the propagator, rep-

resented by the �rst term in Eq. (7.58), reduces to one integral on account

of the delta-function which conserves relative momentum

G
(0)
` (r; r0;E) =

2

�

Z 1

0

dk k2 j`(kr)j`(kr
0)G(0)(k;E): (7.61)

The Fourier-Bessel transform of Eq. (7.58) has the following form

G`(r; r
0;E) = G

(0)
` (r; r0;E) +

Z 1

0

dr1r
2
1

Z 1

0

dr2r
2
2

� G`(r; r1;E)hr1jV
`jr2iG`(r2; r

0;E)
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= G
(0)
` (r; r0;E) +

Z 1

0

dr1r
2
1

Z 1

0

dr2r
2
2

� G
(0)
` (r; r1;E)hr1jT

`(E)jr2iG
(0)
` (r2; r

0;E): (7.62)

When the interaction V is local in coordinate space, only one integral in

the �rst equality remains. The second equality can be used to study the

asymptotic behavior of the propagator outside the range of the interaction.

The integral in Eq. (7.61) can be performed analytically by employing con-

tour integration in the complex momentum plane as discussed in the book

by Gottfried. The spherical Bessel function are well-behaved so all the sin-

gularities are contained in the denominator. Consider r0 > r, then one may

replace

j`(kr
0) =

1

2
[h`(kr

0) + h�` (kr
0)] ; (7.63)

involving the spherical Hankel functions. One can convince oneself that the

term involving j`h` decreases exponentially in the upper half k-plane, al-

lowing the contour to be closed in the upper half-plane. The term involving

j`h
�
` , similarly, requires a contour in the lower half-plane. One then obtains

G
(0)
` (r; r0; k0) = �ik0

2m

~
j`(k0r<)h`(k0r>): (7.64)

The coordinate argument in the spherical Hankel function must be the

larger of r and r0 and is denoted by r> while the argument of the spherical

Bessel function is the smaller and denoted by r<. For the current analysis

it will be assumed that the interaction has a �nite range, hrjV `jr0i = 0

for r; r0 larger than some r0. Substituting Eq. (7.64) in the second part of

Eq. (7.62) for r0 > r and r0 > r0 yields

G`(r; r
0; k0) = �ik0

2m

~
j`(k0r)h`(k0r

0)

+
1

~

Z 1

0

dr1r
2
1

Z 1

0

dr2r
2
2 G

(0)
` (r; r1; k0)hr1jT

`(k0)jr2i

�

�
�ik0

2m

~

�
j`(k0r2)h`(k0r

0)

= �ik0
2m

~
 `(r; k0)h`(k0r

0); (7.65)

where

 `(r; k0) = j`(k0r) (7.66)
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+

Z 1

0

dr1r
2
1

Z 1

0

dr2r
2
2 G

(0)
` (r; r1; k0)hr1jT

`(k0)jr2ij`(k0r2);

including the replacement of E by k0. This result demonstrates that under

the given conditions the propagator separates as a product of a function r

and a function of r0. This result can be substituted into the �rst part of

Eq. (7.62) to obtain the relevant integral equation for the wave function  

(under the condition that r0 > r0)

 `(r; k0) = j`(k0r) (7.67)

+

Z 1

0

dr1r
2
1

Z 1

0

dr2r
2
2 G

(0)
` (r; r1; k0)hr1jV

`jr2i `(r2; k0);

which can be found in standard textbooks (see e.g. Gottfried for the case

of a local potential). It is derived here to demonstrate the relation between

the propagator and the wave function.

The asymptotic analysis of the propagator can be performed by using

Eq. (7.64) in Eq. (7.62) under the assumption that the propagator will be

considered for r < r0 while both these coordinates are larger than r0, the

range of the interaction. Values of r1 and r2 in Eq. (7.62) larger than r0
yield no contributions to the integral. As a result, the e�ective interaction,

T , has a range similar to the one of the bare interaction V . Using the rela-

tion between spherical Bessel and Hankel functions (7.63), one obtains the

asymptotic behavior of the propagator from the second part of Eq. (7.62)

in the following form

G`(r; r
0; k0) ! �i

�m
~

�
k0h`(k0r

0)

�
h�` (k0r) + h`(k0r)

�
1� 4i

m

~2
k0

�

Z 1

0

dr1 r
2
1

Z 1

0

dr2 r
2
2 hr1jT

`(k0)jr2ij`(k0r1)j`(k0r2)
��

= �i
m

~
k0h`(k0r

0) (7.68)

�

�
h�` (k0r) + h`(k0r)

�
1� 2�i

�
mk0
~2

�
hk0jT

`(k0)jk0i

��
:

In the last step of Eq. (7.69) one can return to the on-shell matrix element of

the T -matrix in momentum space which completely determines the outcome

of the scattering process. The term in square brackets corresponds to the

S-matrix element in terms of which one can de�ne the phase shift

hk0jS
`(k0)jk0i =

�
1� 2�i

�
mk0
~2

�
hk0jT

`(k0)jk0i

�
� e2iÆ` : (7.69)
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This result can be represented by

tan Æ` =
Imhk0jT

`(k0)jk0i

Rehk0jT `(k0)jk0i
; (7.70)

which explicitly shows that a nonzero imaginary part of the e�ective in-

teraction is required to obtain a nonvanishing phase shift. In turn, this

imaginary part of the interaction only appears for energies where the nonin-

teracting propagator has a nonvanishing imaginary part. For the scattering

this corresponds to all positive energies. By substituting the explicit form

of the spherical Hankel functions for ` = 0 in Eq. (7.69) one can construct

the asymptotic propagator for the s-wave channel explicitly

Gs(r; r
0; k0)! �

2m

k0~

1

rr0
ei(k0r

0+Æs) sin(k0r + Æs): (7.71)

The standard result for the asymptotic wave function is contained in this

equation and the imaginary part of Eq. (7.71) is simply the product of

these wave functions as a function of r and r0, respectively. It is useful to

write the scattering amplitude in terms of the on-shell T -matrix elements

or phase shift

f(�; �) =
X
l

2l+ 1

k0

�
�mk0�

~2

�
hk0jT

`(k0)jk0iP`(cos �)

=
X
`

2`+ 1

k0
eiÆ` sin Æ`P`(cos �): (7.72)

With this result one can construct the di�erential cross section. For the

total cross section one has

�tot =
4�

k20

X
`

(2`+ 1) sin2 Æ`: (7.73)

7.5 Exercises

(1) Consider the second-order diagram contributing to G. Perform the

inverse Fourier transform to obtain this contribution as a function of

the time di�erence t� t0.

(2) Construct all diagrammatic representations of Eqs. (7.19) and (7.20).

(3) Work out the details of the normalization of the state jni in the case of

an energy-dependent potential V (E) following the outline given below

Eq. (7.36) and obtain Eq. (7.37).
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(4) Perform all the operations that lead to Eq. (7.64).

(5) Extend the formalism discussed in Sec. 7.4.1 to the case of a spin 1/2

fermion which also experiences a spin-orbit potential as discussed in

Sec. 3.3.
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